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Abstract

This paper introduces a novel way of differentiating a unit root from stationary al-
ternatives using so-called “Bridge” estimators; this estimation procedure can potentially
generate exact zero estimates of parameters. We exploit this property and treat this as
a model selection problem. We show that Bridge estimators can select the correct model

9

with probability tending to 1. They estimate ”zero” parameter on the lagged dependent
variable as zero (nonstationarity), if this is nonzero (stationary), estimate the coefficient
with standard normal limit. In this sense, we extend the statistics literature as well, since
that literature only deals with model selection among only stationary variables.

The reason that our methodology can outperform the existing unit root tests with lag
selection methods stems from the two-step nature of existing unit root tests. In our method,
we select the optimal lag length and unit root simultaneously. We show that in simulations,

this makes big difference in terms of size and power.
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1 Introduction

Unit root testing has been a cornerstone of applied econometrics research. There are a
variety of unit root tests, most notably those proposed by Dickey and Fuller (1979), Phillips
(1987), Elliot, Rothenberg, and Stock (1996), and for panel data, the test of Bai and Ng
(2004). These tests depend on choosing the correct lag length given a maximum amount of
possible lags. AIC, BIC and t-tests, as well as sophisticated Modified AIC of Ng and Perron
(2001) are proposed for lag selection. Related to this point, in model selection, Breiman
(1996) shows that subset selection methods such as AIC, BIC can often select the wrong
model. This problem is more acute with large number of parameters. Problems with lag
selection in unit root testing is also observed by Hall (1994). Breiman (1996) further shows
that ridge-regression based model selection gives good results, and is not affected by the
number of the parameters.

Related to ridge-regression, a method that penalizes the parameters less, and has no
asymptotic bias gained prominence in the statistics. These are Bridge/Lasso type estima-
tors. In the last couple of years, there has been a huge interest in Bridge/Lasso estimation
in the statistical literature. Knight and Fu (2000) establish the limit law for Lasso in a LS
framework. Fan and Li (2001, 2002) develop penalized LS with a smooth penalty function.
They show that we can derive the limit of the LS estimators as if they were known in
advance. In other words, these methods simultaneously select the model and estimate the
coefficients. In econometrics Knight (2008) and Caner (2009) consider LS and GMM based
Lasso estimators respectively. Caner (2009) also finds that in small samples Lasso estimator
have smaller mean square error and bias than the ones chosen by AIC, BIC and sequential
testing procedures. To this point, Bridge/Lasso methods have only been used as a model
selection tool in stationary models.

In this paper we propose a novel way of using Bridge estimators to distinguish between
stationary and unit root models. The proposed methods can be used either as a complement
or as a substitute for unit root tests for which lag selection is necessary. The idea is to use the
Bridge to do model selection while simultaneously determining whether the parameter of the
lagged dependent variable is zero or non-zero. If the true parameter of the lagged dependent
variable is nonzero, then with high probability, the Bridge estimates it as nonzero, and hence
finds stationarity. This is a somewhat nonstandard approach to determining whether the
variable is stationary or nonstationary. The classical approach to this problem has been to
first select the lag length, and then to apply a unit root test. Our procedure eliminates the
two-step nature of detection. By doing that, it is possible to have power gains and thus we
are able to differentiate better between stationary and unit root behavior.

We should note that Bridge estimation is not a testing procedure per se. It is, in fact,



a model selection procedure that can also estimate the parameters. It also involves penalty
parameters that can be tuned to help in selecting between different models. The penalties
are not estimated but rather are determined theoretically. We use the probability of correct
model selection as a basis to compare Bridge with unit root test results.

In this paper, we derive the limit laws for the Bridge estimators in a number of possible
models, including the case of mixed nonstationary and stationary regressors. We also show
that we need the exponent of the penalty function for the lagged dependent variable to be
less than 1/2 (as opposed to 1, which is typically the case in the statistical literature) to
avoid asymptotic bias, in addition to differentiating between stationary and non-stationary
models. We show that we can estimate ”zero” parameters as ”zeros” and the estimators
of nonzero parameters have the standard limiting distribution. Essentially, we are using
the main idea of model selection in Bridge estimation to select between unit root versus
stationary behavior as well as simultaneously estimate the coefficients of the lags.

We also analyze a model with near-integrated properties, and a model with time trend.
Simulations show that our method generally displays superior behavior compared with
Dickey-Fuller GLS, (DFGLS), and the Augmented Dickey-Fuller unit root tests (ADF).
Much of the theoretical hoopla given Bridge-Lasso (and other shrinkage-based) methods is
criticized by Leeb and Pé&tscher (2008). In particular, they show that at certain parameter
values (moderately away from zero), these methods produced estimators that have high
mean squared errors in small samples. However, our idea is to compare and contrast our
method with unit root tests with the MAIC lag selection method, which face the same
criticisms as shrinkage-based methods.

Section 2 introduces the simple model without lags, and introduces the main idea.
Section 3 adds lags to the main model. Section 4 considers the most general model with
lags and time trend. We present some Monte Carlo evidence in Section 5 and provide some

concluding remarks and future directions in Section 6.

2 The Simple Model

The following is the benchmark model. This is without any lags and illustrates the main
points of the paper. We do not know a priori whether the following y; is stationary or
nonstationary. Our aim is to show that when the true model is nonstationary (pp = 0), the
estimator of py will converge to zero in probability and therefore y;_1 can be dropped from
the regression, and if it is stationary, the estimator will converge in a probability to the
appropriate for the stationary AR(1) model. In other words, we are looking for an oracle
property. The model is:

Ay = poys—1 + e, (1)



where e; are iid with mean 0 and variance 2, and has finite fourth moments. We estimate

the parameter of interest pg by minimizing the following objective function given Ar,~y

T
ZAyt pyi-1)% + Arlp|”. (2)
t=1

In the remaining parts of the paper, Ar, and v will be specified. We first consider the
consistency of our estimator. In that respect, when py = 0, (nonstationary model) we

benefit from the following function

1 T
Z11(p) = 75 D (Aye = pyer)® + Tz 1ol 3)
t=1

When py < 0, (stationary), we use the following

T

1 Ar
Zra(p) = T Z(Ayt — pyi—1)? + ?|P|7- (4)
t=1
Now we show that regardless of whether pp = 0 (nonstationary model) or pg < 0

(stationary model), we can consistently estimate the parameter by p which minimizes (2).
Theorem 1.
(i). For po =0 and A\p/T? — X\g >0,

~

p L argmingeaZy(p),

where
Zw—pojﬁw Jdr + Nolpl",

where W (r) is the standard Brownian Motion and fo W (r)2dr is a nonstandard distribution
mentioned in Chapter 17 of Hamilton (1994). 7‘A” is a compact set specified in the proofs.
(7). For po < 0 (stationary case) and A\p/T — Ao > 0,

A~

p 5 argminyeaZs(p),

where
Zy(p) = 0® + (p — po)°To + Xolp|,

and T'g = Ey? 4, Ty > 0.

(iii). If A\r = o(T), then estimators in both cases (i)-(ii) are consistent.

Remark. This theorem states that regardless of stationarity or nonstationarity we can
estimate py consistently as long as A\p = o(T). This also shows that the criterion for
consistency Ay = o(T') in the stationary case (ii), is the same one for the nonstationary case

as well. This is the same criterion that is found in LS stationary case of Knight and Fu
(2000).



This fact also can be seen by comparing (2) with (3) and (2) with (4). Note that p is
the minimizer of (2) and converges in probability to py regardless of pg = 0 or pp < 0. This
is clear by (2)-(4)

p = argminZy(p) = argminZri(p) = argminZps(p).

The following theorem displays the limits when py = 0 (nonstationary case), and when
p < 0, (stationary case). This is a new result both in the statistics and econometrics
literature. By using the Bridge estimators as model selection devices, we can differentiate
between the stationarity versus nonstationarity.

Theorem 2. Suppose 0 <y < 1/2, and A\p/T7 — N9 > 0, then

(i). If po = 0 then

u=Tp Loy = argminVi(u),

where . .
Vi(u) = —2u02/ W (r)dW (r) + u202/ W (r)%dr + Xolul”,
0 0

where fol W (r)dW (r) is the stochastic integral and the distribution is described in equation
17.3.26 of Hamilton (1994).
(i). If po <0, and I'g > 0, then

a=TY2(p— po) < = argminVa(u),

where Va(u) = —2uL + u’Ty, and L = N(0,0°Ty), so ug = N(0,0%Ty1).

Remarks. 1. We clearly see that by (i), we can shrink the estimates of zero parameter
(nonstationary case) to zero with positive probability and nonzero regression parameter,
(ii), is estimated via standard limit (stationary case). This shows that Bridge estimator
basically can select between stationary and nonstationary models. The estimator acts like
a unit root test in that sense. Note that we setup Tp and if the true model is py < 0
(stationary y;), then @ = Tp 2 —o0, as can be seen from Theorem 2ii, instead of shrinking
to zero with positive probability. This shows that two cases can be differentiated through
Bridge estimators.

2. Note that if pg = 0, then as mentioned we obtain the result with positive probability.
For pg < 0, since the parameter is nonzero we do not have the penalty term in the limit
and A7 is chosen accordingly to achieve this (Ar/T7 — Ag where 0 < v < 1/2).

3. The 7 coefficient should be smaller than 1/2 unlike LS case of Knight and Fu (2000).
This is due to the differences between stationary and nonstationary cases. For the stationary
case, Ay = o(T"/?) is needed, and for the nonstationary case Ay = O(T"7) is needed to
differentiate between the two cases by Bridge estimator we require 0 < v < 1/2. In our

setup, by the switch of the coefficient from zero to negative, the variable y; switches from



nonstationary to stationary. This has not been analyzed before in the context Bridge
estimation; shrinkage based estimation has, to our knowledge, been employed only for
model selection in the case of stationary variables.

4. One of the main ingredients of the proof is if \; = o(T"/?), the penalty term converges
to zero when there is stationarity (pgp < 0), but for pp = 0 we need to define the penalty
term so that Ap/T7 — Ao, where 0 < v < 1/2.

5. One of the most important issues is a local analysis. To do this, we set pg = —C/T,
where C' is a positive constant. This is also called the near-integrated framework in the
unit root literature. Under Assumptions of Theorem 2, following the proof of Theorem 2i,
we can show

a=Tlp— (~C/T)] % argminVe(u),

where

1 1
Vi(u) = —2u0” /0 Wo(r)dWo(r) + 120> /O Wo(r)2dr + Molu — C7, (5)

where W, (r) represents an Ornstein Uhlenbeck process. We see two differences with the limit
in Theorem 2i. First, Brownian motions are replaced with Ornstein Uhlenbeck processes.
Second, and most important, the penalty term is centered differently. This shows that the
limit distribution of T'(p — (—C/T')) puts positive probability on C. This last point clearly
demonstrates that we can differentiate between nonstationary and near integrated behavior
as well as the stationary one in Theorem 2ii.

The limit distribution of Tp (not shown here, but easy transformation from (5)) puts
positive probability on 0. This probability decreases as C' increases. The near-integrated
results apply to case with lags and time trends below. We do not show them below.

In fact, a slightly better result than Theorem 2 can be obtained by choosing A\ = O(T%)
where v < a < 1/2. This is given below in Corollary 1. We show that the estimator
converges to zero with probability one when we penalize slightly more than Theorem 2.
The result in Theorem 2i changes and Theorem 2ii stays the same.

Corollary 1. Suppose 0 <y < a < 1/2, A\p/T* — \g >0, then if po = 0 then

wpl

a=Tp"% 0.

3 Model with Lags

The model in this section extends (1) with the addition of lags to account for serial correla-
tion. This setup is used widely in time series econometrics in unit root testing, see Chapter
17 of Hamilton (1994) for a wide number of references. The following is equation (17.7.6)
of Hamilton (1994).



Ayt = poyt—1 + CLoAY—1 + - + (10U (p—1) T €1, (6)

where e, is iid, and distributed with mean 0 and variance of o2, and with finite fourth mo-
ments. We can simplify the notation somewhat by defining M;_1 = (Ays—1,-- -, Aye—(p-1))’

which is a (p — 1) x 1 vector and Cy; = %ZtTZQ M;_1M]_,, and T'p; = limp_,oc Cps. We

also define w1 = (y4—1, M{_;)’. We now estimate po, (1,0, ,(p—1,0 by minimizing
T p—1
> Ay = pye—1 — QA1 — - = o1 Ay po)” + Arlp + b0 (G2 (7)
t=1 j=1

where A, by, v1,7v2 will be specified in the assumptions below and the theorem statements.
Before stating the consistency theorem we need the following assumptions.

Assumptions

1. e is iid, has zero mean and E(e?|w;_1) = o2, and has finite fourth moments with
% > 0.

2. For the nonstationary case, I'ps is nonsingular, and maximum eigenvalue of I'j; is
bounded away from infinity. For the stationary case I'y = Fw;_qw;_, is nonsingular and
finite.

3. True values of the parameters (1, -, (p—1,0 are bounded away from infinity, and are
in a compact set in RP~1.

4. po € A, where A = [-2+ a,0] where a is a small positive constant.

5. max(Ar,br) = o(T).

These assumptions are standard in the Bridge/Lasso estimation literature as in Knight
and Fu (2000), Huang, Horowitz and Ma (2008). Assumption 4, we have a specific compact
just to avoid nonstationarity due to seasonal behavior, where the left bound is slightly
larger than —2. The important assumption is the penalty rates. We have two penalties
and two different coefficients. These will be needed to obtain the appropriate limits. The
penalty rate for the consistency is true regardless of stationary or nonstationary behavior
(i.e. po <0, or pp =0). Compared to stationary case of Knight and Fu (2000), we penalize
at the same rate for the consistency proof. This changes in the case of limit law proofs. The
following is a new result in the literature and shows that even there is nonstationarity bridge
estimators are consistent. Furthermore, we do not know whether the data are stationary or
nonstationary. The estimators converge to the true values in both cases.

Theorem 3.Under Assumptions 1-5,
. D
P = PO,

éj_Cj,Ogou j:17'”7p_17



where these are true regardless of the nonstatonarity where py = 0, or stationary behavior
of yi, where py < 0,(pp € A — {0}).

Remark. Since the behavior of the stationary and nonstationary random variables differ,
the proof technique in Knight and Fu (2000) does not work for both cases. We extend and
modify Huang, Horowitz and Ma (2008) consistency proof from stationary variable to a
mixed set of nonstationary /stationary variables for our case. This is especially important
when there is nonstationarity (pg = 0).

The following result provides the limits in the cases of nonstationarity (pg = 0) and
stationarity (pg < 0). In each case, true first differenced lag coefficients ((io, -+, {p—1,0) can
be either zero or nonzero. Our Bridge estimators converge to zero with positive probability
if the true coefficients are zero and have the normal limits when they are nonzero. This is
true also for p coefficient as well. This is the one of the main results of the paper.

Theorem 4. Suppose 0 < 1 < 1/2,0 <5 < 1, and Ap/T" — Xg, g > 0, bp/T7?/% —
bo,bo = 0, 0 = (p, ("), ¢ = (C1s -+, Gp-1)", 00 = (po, (), with Assumptions 1-4,

(i). If po = 0, and then we can write Ay = 3 72 Vjet—j, (Chapter 17, Hamilton, 1994)

assume » 72 || < oo, then
u="Tp LA argmingesVi(u),

where

o0
L= Uz¢j.
=0

Also we have (by definition (19 = 620, -, (p—1,0 = Op0)

[ =TY2(¢ = o) % argminierVa(l),

p—1
Vo(l) = I'Tpl = 2UN(0,Tag) + bo Y |11 14¢ 00
J=1

where T'ny = EM;_1 M{_| nonsingular p—1xp—1 matriz and My_1 = (Ays—1,- -, Ays_(p—1))"-
S and K are compact subsets in R, RP~! respectively in compliance with Assumptions 1-4.
Also @, | are asymptotically independent. We could have written the results in the following
way

(a,1) < argminges, ek Vi(uw) + Va(l).

(7). If po < 0, with Ty = Ewi_qw;_q, wi—1 = (ye—1, M{_1)’, assume Ty is nonsingular
and bounded away from infinity, all the variables y.—1, My_1 are stationary, then for all of

the coefficients we denote U as the minimizer of the objective function

a=TY2(0 - 0)) % argmingcsV (),



p
V() = u'Twu — 2u'N(0,0°Tw) +bo > [uj[™2 19,0 —0y-
=2

Remarks.

1. Note that this theorem clearly shows we can simultaneously select the lags as well as
distinguish between stationary and nonstationary behavior. In other words, compared to
unit root testing, where the optimal lag length is determined first and then unit root test
is conducted, Bridge estimation permits simultaneous selection of both. This approach is
entirely new in the unit root literature.

2. Similar to Theorem 2, Remark 1, if we put & = Tp when py < 0, by using Theorem
4ii, we see that in that case & — —oo, and thus nonstationary and stationary behavior can
be differentiated.

3. Note that in (ii), since pg < 0 the penalty term involves only 60, j = 2,---,p,
where 029 = (10, -+, 0p0 = (p—1,0- So it correctly selects pg < 0, and has a limiting normal
distribution for its estimator.

4. In (i), p and (CA —(p) are asymptotically independent. We see that in that case p con-
verges to zero with positive probability and f estimates the zero coefficients asymptotically
as zero, and nonzero ones with an asymptotically normal limiting distribution.

5. Specifically, the reason that we have 0 < 7 < 1/2 whereas 0 < 2 < 1 is the following.
First, in the nonstationary case (po = 0), we need to obtain the estimators tending to 0 in
probability. Thus we need a penalty term in the limit for p parameter. To achieve this, Ap
should grow at rate 77. On the other hand if py < 0, we need to get nonzero estimates, so
then in that case we do not need the penalty attached to p. Then to show that the penalty
converges to zero, we need A7 to grow at a rate smaller than 7/2. Combining those two, we
need 0 < 71 < 1/2. For coefficients on dynamic differenced regressors we need 0 < v < 1.
This is the case since regardless of y;_1 they are stationary, so as in the Lasso literature for
iid variables we have 0 < o < 1.

6. Similarly, in Theorem 4i the penalty involves only l1,---,l,—1. These correspond to
Ci0, > Cp-1,0 (ie 61 = (10 + #) These are the coefficients on dynamic differenced
regressors (Ay;_1,---, Ayt,(p,l)). In Theorem 4ii, the penalty only involves again all the
coefficients on dynamic differenced regressors. There is no penalty corresponding to the
term with 4,1 since pg < 0. This shows that in Theorem 4i we have the penalty term
attached in Vi(u) for pg = 0, but for the pg < 0 case in Theorem 4ii, there is no penalty
term.

A sharper result can be derived instead of Theorem 4i, when pg = 0. This is obtained
exactly in the same way as in Corollary 1. Corollary 1 extended Theorem 2i. So the

estimator of p when py = 0 with converges to zero with probability one. This is due



to the use of slightly “larger” penalization parameter. We choose \p = O(T*') where
M <o <1/2

Corollary 2. Suppose 0 < v < a1 < 1/2,Ap/T* — Ao, Ao > 0, then with Assumptions
1-4,

(If po = 0, and then Ayy = 3772y jer—j, (Chapter 17, Hamilton, 1994) assume 3772 j|v;| <

o0)

a=Tp"2 0.

Remark. The zero coefficients on lags (stationary variables) can also be obtained as
zero with probability one like Corollary 2. They are asymptotically independent of the
nonstationary variable coefficient estimators. This is seen in p.1361 of Knight and Fu
(2000) for iid variables. We can extend this to stationary time series case (given Theorem

2) with ease with the new penalty rate bT/TO‘Q/2 — bg, bg > 0, where 0 < 79 < ag < 1.

4 Model With Time Trend

We now extend the previous model to one with an intercept and a time trend. (This is
designated Case 4 in Chapter 17 of Hamilton (1994).) There are other ways of modeling
the series with time trend; however, this approach is slightly richer and Bridge estimators
show that there is no time trend in the first differenced model (nonstationary y; case) when

the model is misspecified with a time trend. We consider the estimation of the model

Ayt = pyr—1 + a+ 0t + GAY—1 + - + G1AY_(p—1) + €1, (8)
where ¢, is iid with E(e?|w;_1) = o2, forallt =1,--- T, wy_1 = (y;—1,1,t, M]_;). We can
estimate the true values pg, do, @0, (1,0, " - -, (p—1,0 by minimizing

T p—1
> (Ayi—pyr1—a—5t=G Ay 1= =G 1Ay p-1) + A7 |p " Herlal +7rld " +br Y (G
t=p j=1

9)

We can comment now on the form of the objective function under the nonstationary
yt, po = 0. First of all as in Hamilton (1994) in the case of pg = 0 we see that there is a
quadratic time trend in ;. To prevent that dg = 0. So a misspecified model is fit, and we
show that Bridge estimator of g can converge to zero with positive probability. Second, in
both in nonstationary and stationary cases we use transformed variables. This can be seen
at the beginning of the proofs. In order to do this, we need to modify Assumptions 2, 3,
and 5 to deal with the time trend.

Assumption 2*.



(a). For the nonstationary case, Iy, = EM;" | M} | is nonsingular and maximal eigen-
value of '} is bounded away from infinity, where M = (us—1, -+, us—(p—1))’, ur = Ays—p,
p=a/(l—C¢ — - —(p—1) (note that the denominator in x definition cannot be zero as
explained in Chapter 17 of Hamilton (1994).

(b). For the stationary case, limp_ o X7 = ¥js is nonsingular and the maximal eigen-

value is bounded away from infinity where

Zthz yi2y Zthz Yi1 Ethz Yi_qt Zthz y:—lMt*il
TT T 7;2 T T
Zt:Q Yia 1 Zt:Qt Et:Q M;_,
Z:T - T T T %ﬂ T r
Zt:Q ty;il Zt=2 t Zt=2 t2 thz tMt*fl
T2 T2 T3 T2
T * «! T * T * T * «!
thz My yi 4 thz My, thz Myt thz My My
T T T2 T

where y | = yi—1 —a — 6(t —

1),

1= (Ayi1,- Ay, ), X is described in the

proof of Theorem 5.

Assumption 3*. True value of §o = 0 in the nonstationary case. Otherwise this is in
a compact set in R. Note that ag, (1,0, -+,(p—1,0 are in compact subsets of R, and Rp—1
respectively.

Assumption 5*. max(Ap, vy, 7, b7)/T — 0.

The next Theorem provides the consistency of the estimators and extends Theorem 3
to the intercept and time trend case.

Theorem 5. Under Assumptions 1, 2*,3*, 4 and 5%,

p
—)po

>

)

CA]_CJOAOa j:17'”7p_17

N P
& — =0

Q
S

)

S
1=

.

These are true regardless of nonstationarity (pp = 0) or stationarity (pg < 0) of y;.
Under nonstationarity, the proof shows that the estimators g, ) converge in probability to
zero.

To derive the limits we rotate our variables as in Hamilton (1994) both in the nonsta-

tionary and stationary cases. Recall that the model that has to be estimated is
Ay = pyr—1 + a+ 0t + GAy—1 + -+ + 1Ay + . (10)

For the nonstationary case (as in Hamilton (1994, p.498)), we use the following rotation,

which can be obtained by simple addition and subtraction
(11)

Ayp = p&e1 + "+ 8t + Gt + -+ Qo1 po1) + €t

10



where uy = Ay —p, p=a/(1 =G — -+ — (p—1),
p=(1-pu. (12)

§eo1 = Y1 — p(t —1),
and
0" =48+ ppu. (13)
Note that under py = 0, and §y = 0, we obtain uy = e;/(1 — GL — -+ — Cp,le_l),
and -1 = u; +uo + --- + us—1. The important issue is whether Bridge estimators can
show that f),g(oré*) converge to zero in positive probability, and obtain the limits for
nonzero coefficients as derived in Hamilton (1994). This will also indicate whether y; is
nonstationary.

In the stationary case, we need the following rotation.
5 =46(1+p),

pr=al+p)=66p—CG—-— (1),
Yio1 = Yi—1 —a —6(t—1).

Equivalent to the model we are estimating, when pg < 0, we use the following
Ayp = pyr_q +p" + 0"+ GAY 4+ Ay ) e (14)

We now provide the limit theorems for both the nonstationary as well as the stationary
case. This is a new result in the model selection literature and is one of the main results of
the paper. We show that we can estimate time trend coefficient.

Theorem 6. Suppose 0 < 71 < 1/2,0 < 7 < 1,0 < 73 < 2/3,0 < 4 < 1, and
A /T — Ao, Ao > 0, vp/T72/% — 15,00 > 0, 7p/T33/2 — 75,79 > 0, bp/T7/% — by,
by > 0.

Let 0 = (p, u*,0%,¢"), and 0y = (po, 1§y, 05, ¢4)'- Under Assumptions 1, 2*,3*, 4,

(i). If po = 0, with 6 =0 (i.e. 65 =0), then

b= (Tp, T2 (" — ), T3/%6%) <, argming,esVi(v),
where
Vl(’l}) = v’EWv — 2’1)/h2w + )\0”01‘71 + Lol{uazo}‘vgng =+ 7-0’,03"73’

and v = (v1,v2,v3) correspond to respective cells in 0. The notation can be described as in
(62)
K2 fol W (r)2dr Hfol W (r)dr Hfol rW(r)dr
Sw=| &fy W(r)dr 1 1/2
K [y W (r)dr 1/2 1/3

11



1/20k[W(1)? — 1]
hgw - O'W(l)
a(W(1) = Jy W(r)dr)

For the stationary dynamic regressors we have

[ = VT —¢) % argmimegVa(l),

p—1
Va(l) = I'Tpl = 2UN(0,Tag) + bo Y |1 14¢ 00
j=1

where I'py is described in Theorem 4i. 0,1 are asymptotically independent.

(ii). If po <0, Let v be
0 = (TV2p, TV2(" — i), T¥2(6" = 6), TV2(C = o))’ 5 argminues, V (v),
where S is a compact subset of RPT2, and
V() = v'Spyv—20%0'N(0,Zy) + tolva| ™ 1e—0y

p+2

+ 7'0|U3|'Y31{6(*):0} + bo Z |Uj|'Y41{Cj—3,o=0}’
j=4

where v1,va,v3,v4 Tepresent the limits for 0y = TY2p, 6o = TY2(ii* — pg), 03 = T3/2(5* -

63), 04 = TY2( — o) respectively.

Remarks.

1.The results here largely reflect Theorem 4. The main difference is that we can estimate

the time trend coefficient as zero with positive probability in the nonstationary system. The

penalty exponent is between 0 and 2/3, in contrast to the stationary regressors’ exponents,

which lie between 0 and 1.

2.The method can simultaneously select the optimal lag and differentiate the unit root

case from the stationary case in the time trend case as well. Related to this point, if we

substitute T'p when pg < 0 by Theorem 6ii, & — —oco, and so nonstationary and stationary

behavior can be differentiated. Also p converges to zero with positive probability when the

nonstationarity holds (with py = 0), otherwise if pg < 0, by Theorem 6ii, it converges to

the standard limit.

3. We can also obtain a better result for py when it is zero as in Corollary 2.

4. Note also that an alternative approach to modeling the time trend case is as follows.

Set
2t = Oé+(5t+yt,

Yt = p1yi—1 + QAY—1 + - + 1Ay p—1) + €1,

12



where the true p; o = 1. Then through transformations we are able to convert the system
into an equation in z; only. But since z; carries the time trend, the proof demands an
auxiliary regression with a detrended z;, but the auxiliary regression unfortunately does
not involve time trend because of the transformations, and hence does not correspond well
with the main equation in z; variable which contains a time trend. The details of the

argument can be obtained from authors on demand, to save space this is not included here.

5 Monte Carlo

In this section we try to answer a basic question. How do Bridge Estimators compare with
Dickey-Fuller GLS test (DFGLS from now on)? This is one of the most widely used tests
and in the case of models with time trends has better power than Augmented Dickey-Fuller
(ADF) test. The size and power results of DFGLS test can be seen in Ng and Perron (2001)
with a new way of lag selection: Modified Akaike Information Criterion (MAIC). With
MAIC lag selection, DFGLS test has very good size and power properties than ADF test
with AIC, or BIC. In the case of no time trend and no intercept, the DFGLS is very similar
to ADF test, so we consider ADF with AIC, BIC in that simple case.

Specifically, for Bridge Estimators we are interested in estimation of pg coefficient. We
want to see whether pg = 0 or pg < 0. We report the percentage of correct model selection.
Eventually we will relate that to size and power of the unit root tests below in this section.

There are two setups that we generate the data. The first one is used by Chapter 17,
Case 4 of Hamilton (1994). This is favorable to Bridge. The second one is used by Elliot,
Rothenberg, and Stock (1996), and this is favorable to DFGLS with MAIC.

The first one is given by

Ay = poyi—1 + oo + 0ot + C1,0AYt—1 + - - + C4,0AYs—a + €4, (15)

where e; is iid and N(0,1). Under the null hypotheses of py = 0 we set dy = 0, otherwise
do # 0.

The second setup is as follows:

Yt = ag + ot + ut, (16)

and
Up = Gru—1 + PoUr—2 + P3up—3 + Gaur_yg + €y, (17)

In setup 1, described by equation (15), we have the following design.
Design 1: (when py = 0, we set §yp = 0)

Ay = poyr—1 + 0.5+ 0.1t — 0.4Ay; 1 + 0.7Ay;_3 + ey, (18)

13



80 (o = (4 = 0, this is the model with holes and 3 lags, pg can take values of 0, -0.05, -0.1,
-0.2.
Design 2: (when py = 0, we set 6y = 0)

Ay = poyi—1 + 0.5+ 0.1t — 0.4Ay; 1 — 0.2Ay;_o + ey, (19)

so (3 = (4 = 0, this is the model with 2 lags, no holes, py can take values of 0, -0.05, -0.1,
-0.2.
Design 3: (when py = 0, we set 6y = 0)

Ays = poyi—1 + 0.5+ 0.1 — 0.65Ay;_1 + e, (20)

S0 (3 = (3 = (4 = 0, this is the model with one lag, no holes, pg can take the values of 0,
-0.05, -0.1, -0.2.

The second setup is used by Elliot, Rothenberg, and Stock (1996). We have the following
design.

Design 1: For the size part

yr = 0.5 4 0.1t + uy, (21)
up = 0.6up—1 + 0.4us—o + 0.7Tus—3 — 0.7uy—4 + €4, (22)

For the power, the coefficient on u;_1 is changed to 0.55, 0.50, 0.40.
Design 2: For the size part, same as (21) but instead of (22) we have

Uy = 0.6Ut_1 + 0.2’U,t_2 + 0.2Ut_3 + e, (23)

For the power exercise, the coefficient on u;—; in (23) is 0.55, 0.50, 0.40.
Design 3: For the size part, same as (21) but instead of (22) we have

Ut = 0.35Ut71 + O.65ut,2 + e, (24)

where for the power the coefficient on w;_1 is 0.30, 0.25, 0.15.

In setup 1, the researcher starts with 4 lag structure with no holes, and then uses Bridge
estimation. But the true data generating processes are Designs 1-3. When pg = 0 this is
nonstationary y;—1 and the other values of pg = —0.05, —0.1, —0.2 correspond to stationary
yi—1. For Bridge estimators, we set v = 1/4,v = 1/2, v3 = 1/3, 74 = 1/2. The choice
of Ap,up, T, by are done in two different ways. We try cross-validation as in Fan and
Li (2001) and the universal Ap,tp, 7p, by choices as suggested by Donoho and Johnstone
(1994). Donoho and Johnstone (1994) approach works better in simulations so we set
Ar = +2log2 T3, vp = 7p = by = +/2logd T'3. These rates are in line with Corollary
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2, and used in Caner (2008) in GMM-Lasso context for stationary but endogenous variables.
Since the objective function is nondifferentiable we use local quadratic approximation as
suggested by Fan and Li (2001, 2002) and used in the literature. The choice for thresholding
rule to set zero coefficients to zero is when p < %, and ]C}] < %, j=1,---,p—1. These are
similar to thresholding rules in Huang, Horowitz and Ma (2008), but since we are selecting
between stationary versus nonstationary models the magnitude of the threshold is larger.
Minor changes in the thresholding rule do not affect our results in simulations.

In setup 2, we start with 5 maximum lags. The rest is the same as in setup 1 for Bridge.

Now we describe how we set up DFGLS test with Modified Akaike Information Criterion
(MAIC) of Ng and Perron (2001). Before lag selection we need the following

1. y* = (y1,y2 — ay1,- -, yr — ayr—1), where @ = —13.5 for the time trend, & = —7 for
the intercept case. The same is true for z; = (1,t). 2% = (21,22 — @21, -+, 27 — QZT—1).

2. Then run least squares regression y“ on z® to have the coeflicients gZ;

3. Use yi* — ézta = Y.

4. Then run least squares for the following

p
Af = poie-1+ Y GAGe—j + e, (25)
j=1

The first step is the optimal lag selection. We use equation (12) of Ng and Perron (2001)
foreach p=1,2,--, Drmax

MAIC(p) = In(62) + 90 Fp
T— Pmax
where
T
gp) = @) Y G
t:pmaac+1

T

A?y - (T - pma:v)_l Z é?pa

t=pmaz+1

where p, and é;, are obtained for LS in equation (25). The lag p that minimizes M AIC(p)
will be used in the next step of DFGLS. The DFGLS test is basically a t-test for pg = 0
in equation (25) given optimal p. The limit critical values from the distribution of the test
statistic is given by Ng and Perron (2001).

The exercise we run first reports percentage of correct model selection via Bridge on pg
coefficient, whether that is pg = 0 or pg < 0. We take T' = 100, and use 10000 iterations.
Tables la-b report the size. Since Bridge is only estimating, correct percentage of zero
coefficients on pg, we take the probability of incorrectly estimating zero coefficients as the
7size” of Bridge. We should remind ourselves that Bridge is a model selection procedure

and does also estimation simultaneously. So there is no testing involved in Bridge. This is
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the reason that we put ”size” in quotation marks. Indeed with ”size”, we are just reporting
the frequency of wrong model selection in percentage terms. For ”power”, this will be
percentage of correct models selected. Also an important reminder is that the penalty
parameters Ay = v/2log2 T3, 17 = 7p = by = /2logd T3 are not estimated in limits
of Bridge estimators. These are sequences with special convergence rates. This is related
to model selection.

Both in setups 1 and 2, Bridge has better size than DFGLS. Especially in the more
complex, Designs such as 1 and 2, we see that DFGLS has size of 21-38% at 5% level in
the case of time trend. We also see some power declines in DFGLS when we are away from
nonstationarity, this is due to being in a Design (Design 1) that is far away from the model
of DFGLS tests. In the same cases Bridge has 5-8% size.

The next exercise deals with the power issue. These are in Tables 2-3. This is done in
the following way. For Bridge, we first find the threshold values that will give the actual
size that is found in Table la-b for DFGLS case. Then by using these threshold values we
look at the percentage of nonzero coefficients for pg. This is compared with the power of
DFGLS test.

We have also done the following exercise, but did not report. We calculate the size
adjusted power of DFGLS test (at 95% critical values from the empirical distribution) and
compare it with the correct percentage of nonzero estimates of py when the Bridge has 5%
"size” as described above. This is very similar to the results in Tables 2-3 and are not
reported. We see that in our setup (setup 1), the power of DFGLS is less than Bridge
(Tables 2a-2b). On the other hand, when we follow setup 2, except from Design 1, DFGLS
does better.

We also see that when the coefficient is near zero (py = —0.05), Bridge is especially
good in terms of power in time trend case, we see that in Designs 1-3 in Table 2a, Bridge
has 27-74% power, compared with 0-43% power of DFGLS.

In the case of no time trend and no intercept, we compare Bridge with ADF test. For the
ADF unit root tests we use AIC or SIC to pick up the optimal lags. Since there are no time
trend and no intercept, the setupl and setup 2 structure is the same. True data generating
processes are Designs 1-3 without the time trend and the intercept. When py = 0, then
there is nonstationarity in the data, and with pg = —0.05, —0.10, —0.20, there is stationarity.
For Bridge we choose v; = 1/4,v9 = 1/2, the Bridge threshold value is the same as in the
time trend/intercept case, as well as the Ay, by penalty terms.

We minimize the following over p= 2, 3, 4, 5

Tlogéi + Cr,
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Table 1a: Size, Time Trend Case

Setup 1 Setup 2
Design 1 | Design 2 | Design 3 || Design 1 | Design 2 | Design 3
Bridge 5.71 5.22 1.66 4.63 7.55 2.53
DFGLS 38.41 21.15 6.99 37.45 26.03 6.96

Note: The size of DFGLS test is at 5% nominal level. For Bridge, we use threshold value
of —6/10%. The size figures for Bridge are 1- probability of correct model selection on pq.
Setup 1, Designs 1-3, represent the equations (18)-(20). Setup 2, Designs 1-3 represent
equations (21)-(24).

where
T

=T (Ayt — pyr—1 — QAY—1 — - — 1Dy (1))’
=1

Cr =2(p + 2) for AIC Cr = (p + 2)logT for SIC.

Given the optimal p, the we run ADF test for unit roots, where Hy : pg = 0 and this is
a simple t-ratio X
t=—Ltr__

087
where p,, is the least squares estimator for py given the lag p that is chosen by AIC or SIC,
and M, = 3/ (-1, Ayr—1, AU (p—1)) (Wi—1, Ay—1, Ayy_(p-1)), where M}' is the (1,1)
element of M, 1. The limit is given in Chapter 17 of Hamilton (1994) and tabulated in
Table B.6. This is known as Dickey-Fuller distribution. The results are in Tables 4-5.

AIC is usually known to overfit the models. In our simulations both AIC and SIC pick 4
lags at each design, clearly overfitting the models. Bridge find the places of zero parameters
in Design 1 almost near 100% and the same for other designs. This again illustrates superior
model selection properties of Bridge Estimators.

The ”size” of the Bridge is the one minus the probability of correctly selecting the zero
of pg. With true pg = 0 in Design 1, the ”size” of the Bridge estimator is 5.16%. In Design
2, and 3 the rates are 5.72% and 3.30% respectively (a threshold of —6/10% is used as in
the time trend case). The size of the ADF test is very good at 5.00%, 5.21%, 5.13% levels
at nominal 5% level. In terms of the power, the bridge looks at probably of correct model
selection (in this case selecting pg < 0 when this is the case). To make things comparable
we use a threshold of —5/10% for Design 3 to get the same size as Design 3 in ADF. The

power results clearly show that Bridge dominates ADF in terms of power except in Design

1 when the coefficient is -0.05.
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Table 1b: Size, Intercept Case

Setup 2
Design 1 | Design 2 | Design 3
Bridge 2.56 4.74 1.98
DFGLS 30.41 15.64 7.00

Note: The size of DFGLS test is at 5% nominal level. For Bridge, we use threshold value of
—6/102. The size figures for Bridge are 1- probability of correct model selection on pg. (15)
is used for Bridge/testing unit roots in Setup 1. Setup 2, Designs 1-3 represent equations
(21)-(24). (25) is used for Bridge/testing unit roots in Setup 2.

Table 2a: Power, Time Trend Case, Setup 1

Design 1 Design 2 Design 3

po = -0.05| -0.1 | =0.2 || —=0.05 | —=0.1 | —0.2 || —0.05 | —0.10 | —0.20
Bridge | 74.40 | 65.15 | 99.80 || 36.24 | 32.92 | 44.83 || 26.50 | 18.74 | 13.20
DFGLS || 43.63 | 28.64 | 40.20 || 0.00 | 17.11 | 75.83 || 0.00 3.71 | 37.91

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values
that will generate the size of DFGLS tests in Table la, Setup 1 (—4/10%, —5/102, —5.2/10?
respectively for Designs 1-3). The power figures for Bridge are probability of correct model
selection on pg. Setup 1, Designs 1-3, represent the equations (18)-(20).

6 Empirical Results

In this section we consider a data set with our technique, and compare with ADF and
DFGLS unit root tests. In the past years, unemployment rate in US is tested with different
unit root tests before year 2000, and they were unable to reject the null of unit roots,
for this issue see Caner and Hansen (2001). The unemployment rate that we analyze is
from Bureau of Labor Statistics, dating from January 1969 to July 2009, monthly data
(487 observations). The same data is also available at Economagic. The unemployment
rates are for 16 years and older persons. In our model we set the maximum number of
lags possible as either 24 or 36. Since there is no time trend in the unemployment rate,
we use the model with intercept. This is equation (8) with o # 0, and 6 = 0 there. We
analyze specifically ADF test with either AIC, or SIC, and DFGLS with MAIC lag selection
criterion. These are described in detail in simulation section. In Table 6, we report the
results from the unit root tests. For ADF we report AIC rseults, SIC result is the same. It
is clear that at 5% level, none of them were able to reject the null. Since unemployment
rate is a bounded variable, the expecectation is that it should be stationary.

Next, we employ Bridge estimator. This is the model with intercept in equation (8)
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Table 2b: Power, Intercept Case, Setup 1

Design 1 Design 2 Design 3

po = -0.05| -0.1 | =0.2 || =0.05 | =0.1 | —0.2 || —0.05 | —0.10 | —0.20
Bridge || 54.15 | 80.00 | 96.27 || 33.96 | 57.30 | 83.64 || 15.89 | 31.95 | 54.87
DFGLS || 35.27 | 28.93 | 5.05 || 13.06 | 22.95 | 60.82 || 3.74 6.42 | 25.28

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values
that will generate the size of DFGLS tests in Table la, Setup 1 (—4/10%, —5/102, —5.2/10?
respectively for Designs 1-3). The power figures for Bridge are probability of correct model
selection on pg. Setup 1, Designs 1-3, represent the equations (18)-(20).

Table 3a: Power, Time Trend Case, Setup 2

Design 1 Design 2 Design 3

po = -0.05| -0.1 | =0.2 || =0.05 | =0.1 | —0.2 || —0.05 | —0.10 | —0.20
Bridge || 56.15 | 79.84 | 96.95 || 33.47 | 48.22 | 77.27 || 10.96 | 16.95 | 36.92
DFGLS || 44.99 | 27.88 | 7.21 || 29.66 | 46.02 | 79.33 || 9.55 | 16.99 | 40.70

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values
that will generate the size of DFGLS tests in Table 1a, Setup 2 (—3.7/102, —5/10%, —5.4/10?
respectively for Designs 1-3). The power figures for Bridge are probability of correct model
selection on pg. Setup 2, Designs 1-3, represent the equations (22)-(24).

Table 3b: Power, Intercept Case, Setup 2

Design 1 Design 2 Design 3

po = -0.05| -0.1 | -0.2 || =0.05 | =0.1 | —0.2 || —0.05 | —0.10 | —0.20
Bridge || 60.87 | 86.46 | 98.44 || 22.93 | 37.96 | 73.54 || 9.29 | 14.80 | 39.80
DFGLS || 61.79 | 34.15 | 23.60 || 43.95 | 70.31 | 93.95 || 22.46 | 40.87 | 65.13

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values
that will generate the size of DFGLS tests in Table 1b, Setup 2 (—3/102, —4.8/102, —5/102
respectively for Designs 1-3). The power figures for Bridge are probability of correct model
selection on pg. Setup 2, Designs 1-3, represent the equations (22)-(24).

Table 4: Size, No Intercept, No Time Trend Case

Design 1 | Design 2 | Design 3
Bridge 5.16 5.72 3.30
ADF 5.00 5.21 5.13

Note: The size of ADF test is at 5% nominal level. For Bridge, we use threshold value of

—6/102. The size figures for Bridge are 1- probability of correct model selection on pg.

19



Table 5: Power, No Time Trend/Intercept Case

Design 1 Design 2 Design 3

po = -0.056| -0.1 | =0.2 || —=0.05 | -0.1 | —0.2 || —=0.05 | —0.10 | —0.20
Bridge || 40.16 | 83.66 | 99.52 || 21.54 | 50.66 | 91.89 || 19.66 | 44.71 | 86.32
ADF 41.66 | 76.60 | 96.79 || 17.15 | 37.00 | 74.82 || 16.62 | 35.84 | 77.76

Note: The power of ADF test is at 5% nominal level. For Bridge, we use threshold values
that will generate the size of ADF tests (—6/10%, —6/10%, —5/10? respectively for Designs

1-3). The power figures for Bridge are probability of correct model selection on py.

Table 6: Unit Root Tests on Unemployment Rate, Hy : p =0

Tests Pmaz = 24 | Pmaz = 36
DFGLS -2.76 -2.43
ADF -1.52 -1.43

Note: The 5% critical values are -2.86 for ADF test, and -1.98 from DFGLS with MAIC

from Table 1 in Ng, Perron (2001).py,q. represents the maximum number of lags fitted to

the model.

with = 0. The tuning parameter is chosen as in the simulation section. This is also true
for truncation setup. So if the Bridge estimator p is less than -0.06, we set that coefficeint
to zero, and the unemployment rate is a nonstationary variable. If p is less than -0.06, then
the unemployment rate itself is stationary. When we run Bridge estimator we find that
p = —0.13 when ppe, = 24. With ppe. = 36, then p = —0.18. So in both cases p < —0.06,
and the unemployment rate is stationary. This shows that Bridge can give sensible results
when unit root tests cannot. And an important issue is this is pretty robust to truncation
value of -0.06. With slightly smaller or larger values the statinarity of the unemployment

rate does not change.

7 Conclusion

In this paper we show that Bridge estimators can differentiate between unit roots and
stationary variables and select the optimal lag simultaneously. This is unlike the existing
methods where first lag length is selected according to AIC, BIC, and then unit root is
tested.

In future research, one possible extension is to allow lags to converge to infinity. This
is shown in Huang, Horowitz, and Ma (2008) in a stationary regressor environment. We
believe that this extension is possible in our case as well. The next project is to apply these

methods to forecasting by using the averaging estimator introduced by Hansen (2007, 2008).
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We can select the weights according to Mallows criterion, and then instead of pretesting via

unit root tests, we use Bridge estimator in weighted forecasts.
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APPENDIX
Proof of Theorem 1i. First set A = [-2 — €,0] where € is a small positive number,
this is done to prevent nonstationarities due to other frequencies (e.g. seasonal unit roots).

This is a compact set in the real line. Uniformly over A we have to prove the following

Zri(p) % Z1(p), (26)

where Z1(p) = p?o? fol W (r)2dr + Xolp|”-
To derive (26), see that by (1) at pg =0,

T
Z Aye—pyi ) = TQZ et — pyr—1)°
t=1 t=1

- T2 Zet - Tgpzetyt 1
+ ﬁpQ ny_l-
t=1
The first term on the right hand side
1 X
2 P
226 0,
Ut
by law of large numbers. Then by Proposition 17.1 of Hamilton (1994), we have

1

Tgpzetyt 1 50,
t=1

1 T d 1
T2 D Vi1 9202/ W (r)?dr.
t=1 0
Combine the above results to have
T2 Z €t — PYt— 1 —> p g / W (27)

Then
(Ar/T?)|p]" = Xolp|”.

So combine the last result with (27) to have (26). Next, we need to show that

p=0,(1). (28)
To prove that, see

T
Zr1(p Z Ay — pyi-1)* = Zro(p).
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Since by p. 486-488 of Hamilton (1994), argminZr,(p) = Op(1), it follows that p =
argminZri(p) = Op(1). Then by (26)(28), uniformly over p € A,

argminZri(p) L argminZ, (p).

Q.E.D
Proof of Theorem 1ii. Now we analyze the stationary case. See that if py < 0,
1 X

T
T > Ay —pyi1)? = Z
t=1 t=1
T
>

lee — (p — po)ye—1]?

T
1
el + (0= p0) 7 D i = 2p = po) Zet?/tl

Then by Law of large numbers,

T
7! Z e? 02,
t=1

T
T3 gy, BT,
t=1

Also by Proposition 17.3, b and ¢ of Hamilton (1994)

T
T! > e 0.

So

T
T3 (Ays — pye—1)* 5 o + (p — po)°To.
t=1

Then uniformly over p € A, if A\p = O(T),

Zra(p) = 0% + (p— po)* + dolp|” = Za(p). (29)

Clearly,
p= Op(l) ’ (30)

following the same logic as in the proof of Theorem 1i, which is due to the simple least
squares estimator being stochastically bounded in the stationary case. These prove the
desired result. Q.E.D.

Proof of Theorem 1iii. This is analyzed for both cases. First start with the case
of nonstationary y;. There by (3), and Ay = o(T") we have the consistency. This can be
seen easily since in that scenario, Ay /T? — 0, and the penalty limit term converges to zero
as well on the right hand side of (3). So Zi(p) = p?0? [ W(r)?dr. Note that p = 0 is
the unique minimum of that function. Via argmax continuous mapping theorem (Theorem

3.2.2) in van der Vaart and Wellner (1996) we have the desired result.
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In the stationary case, the consistency holds by Ay = o(T), then by (29)(30). This is
easy to see since the limit is Zo(p) = 02 + (p — po)*To, due to penalty limit term converging
to zero by Ar = o(T). But this expression is uniquely minimized at p = pp, so we have the
desired result due to Theorem 3.2.2 of van der Vaart and Wellner (1996). Q.E.D.

To derive the limit theory we need to explain the reparametrized objective function. We
write the optimized function, 0 < vy < 1/2,

T

Z(Ayt — pye—1) + Arlp|.
t=1

Note that regardless of the stationary or nonstationary cases, § minimizes the above func-
tion. We define the following function that will be used in the derivation of the limit
for the estimator. The derivation of the function from the objective function is explained

immediately below.

_ uyi—1l{po<oy  UY-1l{pp=0} o 5 ulgp<oy | ul{py=0y
Vr(u) = [tz::l(et— Tz T ) —ei]+A7|po+ Tz T |7 —=A7|pol™.
Note that Vp(u) is minimized at u = TY2(p — pg) when pg < 0, and V(u) is minimized at
u =Tp when pg = 0.
Specifically for pg = 0 case

T

u u
Z yt ) e?]‘i‘)\T‘PO‘i'f”y'
t=2

For pg < 0,

T
Vr(u) = et—%Q—ef A
7(u) [;( \/T) ]+ Arlpo +

We now provide how V(u) expression is derived in the case for pg < 0. First

u
m\v = Arlpol”.

p = argmin, Z(Ayt — pyt,1)2 + Arlp|”.

t=2
But it is true that
T T
p = argmin,(>_(Aye — pye—1)® + Mrlpl” = O_(Aye — poyi—1)® + Arlpol")]- (31)
t=2 t=2
Then rewrite (31) via
Ay — pyi—1 = (Aye — poyi—1) — (p — po)yi—1

= e — (P - pO)ytfl
= ¢ —TY?(p— pO)yt—l/T1/2
= (e — uy—1/T?),
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where u = T/2(p — pg). Then use the above equality in (31) to have

T

~ . u
i = argmin[y (e, — uy—1/T?)? = €f) + Arlpo + W\Q — Arlpol*. (32)
t=2

Similarly we can derive the Vr(u) expression above for py = 0.
Proof of Theorem 2. For parts i, and ii, the following few derivations simplify the
proof. After following the three equations below we provide the proofs for i and ii. First

note that since 1y, —0}1{p,<0y =0, and I'g = Ey? | when py < 0.

T T
uYi-1lgp<0y  UYr-1l{p=0} o 2 Dot EtYi—1
Z(@t - T1/20 - T —) - e =[2u H{T 1{po<0}]
t=1

ZT: CtYt—1
- [2u <% 1{p0:0}]

S v ST
i [UQ (% 1{p0<0}]+[u2 % 1{P0:0}]

[—2uL + ’U,QP()] 1{p0<0}

l=

1 1
+ [—2u02/0 W(r)dW(r)+u202/0 W(T)er]l{l’o:O}(s?’)

The limits are obtained uniformly over u in a compact set K. In the proof of (33), the
case for pg = 0 is derived by Proposition 17.1 in Hamilton (1994), and the stationary case
(po < 0) is obtained by Proposition 17.3 b, and ¢ in Hamilton (1994). Then

Then if pg = 0, uniformly over u in a compact set, since Ap/T7 — Ao
Ar|=[" = olul. (34)
For py < 0 case, uniformly over u in a compact set, since Ay = O(T7), Ap/TY? — 0,
0<y<1/2
u
e (I + i7" = l”) =0, (39)
Now we analyze the specific cases.
Proof of Theorem 2i. Combine (33)(34), for pg = 0, uniformly over u
1 1
Vr(u) & —2u / W (r)dW () + u? / W (r)2dr + AoJul” = Vi (w). (36)
0 0

Then we need to show argminVr(u) = O,(1) when py = 0. In that respect, with
Ar/T7 — Ao > 0, (in the case of py = 0)

Vr(u) > [i<et—“yt‘1>2—e§]—A—T|uw
= T T
T
> (3o — U - )= o+ 8l
t=1
= Vi(uw), (37)
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for all u, and sufficiently large n, with § > 0. Note that the quadratic terms in V}(u) grow

faster than |u|” term in (37), so argminVi (u) = O,(1). From that and Vr(u) > VE (u), we

have argminVr(u) = O,(1) in the nonstationary case (pg = 0). Since ug = argminVi(u) is

unique in (36), we have the desired result, argminVp(u) LN argminVi(u), when py = 0.
Proof of Theorem 2ii. In this case note that by (33)and (35)

Vir(u) % —2uL + u®Ty = Va(u), (38)

uniformly over u. Then we need to show that argminVr(u) = Opy(1) when py < 0. To see
that

UYt—1
Velw = [ fe = 5" =l
t—
AT _
- T1/2 |u||p0|’y !
4 UYt—1
> D (e — T1/2 )? — €] = dlullpo|"
t=1
= Vi(u), (39)

for all u, and sufficiently large n, with § > 0. Note that the quadratic terms in V{?(u) grow
faster than |u| term in (39), so argminVi(u) = O,(1). From that and Vy(u) > VF2(u),
we have argminVrp(u) = O,(1) in the stationary case (pp < 0). Since ug = argminVa(u)
is unique in (38), we have the desired result, argminVr(u) <, argminVa(u), when pg < 0.
Q.E.D.

Proof of Corollary 1. If py = 0, then the definition of convergence of Vr(u) to the
limit should use the notion of epiconvergence as in Knight and Fu (2000), since this will be

on extended real line rather than the compact set. By (36)

d UYt—1 d ! !
Z(et -z )2 — ef = —2u/ W(r)dw (r) + uQ/ W(r)2dr,
t=2 T 0 0

Then (34) changes due to new penalty factor if u # 0,
)\T‘%"y — 400,

and itis0if u =0
U
)\T|?|’y :0

So if u # 0 (epiconvergence)

Vir(u) % +oo,

So clearly in that case u = 0 is the minimizer of the limit. Q.E.D.
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Proof of Theorem 3. We start with the nonstationary case. First write the objective

function (7) as

p
(Ayp — O'wi1)® + Apl01|™ + b > 16,77,
=2

NE

~+
||
(V)

where 0 = (p,("), ¢ = (C1,-++,(p—1)’, hence 6y = p, 0 = (1, -+, 0, = (-1, as well as w1 =
0=

1, M/[_;). By 5, (") definition and using #1¢9 = pg = 0 under nonstationarity
Yy t—1 p P

p
(Ay; — O'wi1)? + Apl6]" +br Z 6]
1 =2
T p
< D (Ay = Ogwi—1)® +br Y [650]™.
=2 =2

M=

t

Set nr = br Z?:Q 60|72, then we can simplify the above expression as

T T
> Y (Ay— 0w 1)? = > (Ayy — Gpwi—1)”
t=2 t=2
T T
= > (w_1(0—60))* +2 eqw,_1 (6o — 0) (40)
t=2 =2

Next set Ky = 7. /* D31 X!, 67 = S5/ 2Dr(f — 0y). Specifically

Ey?—l ZytﬂMtLl

2 372

Sr = T r

T DMy Y MiaMy_, |
T3/2 T

Dr =

Op1 TYV20, |
where X is (T'— 1) x p, and the other two matrices are of p X p dimension. Given the

notation we can rewrite (40) as
opor — 2(Kre) o7 —nr <0,
where e = (eg, -+, er)’. Next as in p.21 of Huang, Horowitz, Ma (2008) we have

loz|* < 6] Krel* + 3nr- (41)
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See that
E|Kre|* = o*tr][KrKY)
= o2r[s; D X' XDy A
= 02157“[,, = o2,
by D7'X'X D7 = Sr by X, Dy, S definitions above. So by (41) and dr definition
E||(6 — 60)' DrSrDr(0 — 60)|| < 60°p + 3nr. (42)
First see that by Proposition 17.3c,h of Hamilton (1994)

_— [ Jo W(r)dr 0],y ]

(43)
Op—1 'y

Note that I'py : p — 1 X p — 1 matrix and

Yo 1 o Yp-2
70
INVES . . . . )
70
where 9 = EAy? ,v; = EAyt—1Ayi—1—j, j = 1,---,p — 2. Then by (43)(42), and Ir =
O,(1) and nr = O(br), with Dr definition

p= 01~ Gll = 0, ),

So with Assumption 5, both of them are consistent in the nonstationary case.Q.E.D.
Now we prove the consistency of the estimators in stationary case. This is basically

the proof in Huang, Horowitz and Ma (2008). As before 6, = p,0y = (1,---,0, = (p—1.

Notation in both proofs are the same. From the definition of 6 and using the objective

function we have
T

p
S Ay — 0wr)® + Aplfi +br > 195
t=2 =2

(Ay; — Opw—1)*

IA
M=

~+
||
(V]

p
+ Aplbho|™ + b7 > (05072
j=2

Clearly,

(Ay; — Opw—1)?

IA
M=

(A?/t - é,wtfl)Q

NE

~+
||
(V]
~+
||
(V]

p
+ Aplbho|™ + 07> (05072
j=2
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Denote 17 = Ar|010[" + br 37—y 0507, and note the one difference between the nonsta-
tionary case and the stationary one: here we have an extra penalty term due to nonzero

nature of pg = 019 < 0 in the stationary case. So

(Aye — Oywi—1)*

M=

(Ayp — 0'wy—1)? —

™=

nr =

I
[N}

t

(w1 (0 = 00))* + 2 eqw}_, (60 — ).
=2

Sl

I
M=

[
[\
~+

Set or = T1/221T/2 (0 — 6y), where

T /
o ZtZQ W—1Wy_1

ET T )

a p X p matrix. Then define K1 = T*1/2251/2W’, where W = (wf],-,w}_,)". Rewrite the
above equation as
(55/11(57“ — Q[KTG],(ST —nr S 0,

where e = (eg, - -+, er)’. Then follow p.21 of Huang, Horowitz, and Ma (2008), and this can
be simplified as
187(1* < 6][ K] + 3nr.

Clearly, by Ee;e; = 0 conditioned on y;_1, Ay;_1,--- on all regressors. So
E||Kre|? = o?tr[Kr K;] = op.
. y / —-1/2 —-1/2
Since W'W/T = Er, we have tr[KrKy| = tr[X, ' "Er0X, "] = p. So
E|jo7|[* = TE||( — 60)'S7(8 — 60)ll-

By stationarity of all regressors (y;—1, M/_;), via law of large numbers through Proposition
17.3b,c of Hamilton (1994) ¥7 — ¥, ¥ < co. . Then via
E||o7|* < 60”p + 31,

maz(\p, bT)l/2
T1/2 = Op(l)v

16— 6ol = O,

when maz(Ar,br) = o(T).Q.E.D.
Proof of Theorem 4i. We start with the nonstationary case. We benefit from the

following expression by using (7) as in (31)(32). Specifically

T p—1
(p.¢) = argmind (Ays — pye—1 — ¢'M]_1)* + Aplp|™ +bp > (]
t=2 j=1
= argmin,Zr(p,(). (44)
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Then it is also true that

(p,{') = argmin|Z1(p, ) — Zr(po, Co)]- (45)
Reparametrizing u = Tp, 1 = TY?(¢ — () as

(a,1') = argming Vr(u,l). (46)

4 UYt—1 l/Mtflg L 2
Velud) = Yo — ot Vi s

t=2 T T2 =2
u p—1 ) p—1
+ )\T|T|'Yl +br ) [Go+ le/Q 2 —br > [Gol™, (47)
j=1 j=1
where @ = Tp, [ = (il, e ,Zp,l)’ = TI/Q(CAl, e ,ép,l—glo, -+, (p—1,0) minimize the function

Vr(u,l) when py = 0. So

(ii,1) = argminges e Vr(u, 1),

where S, K are suitable compact sets in R', RP~!. These are compatible with Assumptions

3-4. We need to prove uniformly over u x [ € § x K

Vi(u, 1) 5 V(1) = Vi(u) + Va(l), (48)
@ = Op(1), (49)
[ =0,(1). (50)

We show first (48). Note that

T / T
uyr1  UMy1.9 9

Z(et - - )T = Z =
= T T1/2 =

.2 ZtT:2 yt2—1 y ZtT:2 My M{_, I

- T2 T

_ QUZtT=2 Yi-1t oy Z?:Q M;_1e

T T1/2
[T
| 2otma Myi—1yi—1

First see that uniformly over [ x u

T
—o My_1yi—
I [Engj;yt 11 U&O,
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by Proposition 17.3e in Hamilton (1994). Clearly, after that result, we can obtain the limits
of @, and ] asymptotically independent from each other. Note that by Proposition 17.3 d,
h of Hamilton (1994) (uniformly over u)

u22t2yt1i) 22/W

T
z@%%ﬁigmwmtm

where « = 037729, under pg = 0, Ay = W(L)er = 3°72qpjer—; by (17.3.10) of Hamil-
ton (1994). Note that W (1) = N(0,1) which is the standard normal distribution. Next

uniformly over 1

I EtT=2Mt 1Mt 1¢
T

]zpler

where I'jys and its components are described in equation after (43).

Then by Proposition 17.3b of Hamilton (1994), uniformly over 1

l’ o My_1e
VT

Now we consider the penalty terms in (47). Given Ap/T7 — X, since pg = 0,

] L IN(0,T ).

U A
Al ™ = lul™ = Aoful™.

For the others, when (jo # 0,

p—1
l;
br (Z Cjo + T1/2|W2 |CJO|W) — 0,

J=1

by by = O(T72/2) (0 < 72 < 1). When (o = 0, by/T72/2 — by > 0,

p—1 I p—1
2 DI LR S
j=1 j=1
Combining the above results in (47)
V(1) % Va(u) + Va(d),
where
Vi(u) + VQ(Z

— / W (r)2dr — w[W(1 — 1] + Xo|u|™]

p—1
+ [Tl +UNO,Tar) +bo Y |11 14¢,0=0p)- (52)
j=1
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Vi(u) and V(1) show first and second square bracketed terms in (52) respectively. Next we
want to show (49)(50). Define the following estimators:

a = argminVri(u),

where .
UYt—1\2 2 u
\% = - - Ar| ="
1 () g(et T ):—ei + T‘T’
Also define
[ = argminVio(l),
where
T UM T , p—1 L p—1
VT2(Z) = Z(et - T) - Zet + bT(Z ’Cjo + 1]/2 \72 - Z KjO’w)-
t=1 T =2 j= T j=
= = j=1 j=1
See that by (51)
a—1a>0,
I—i%o.

But @ = O,(1) by Theorem 2i. Then I = O,(1) can be shown easily by substituting M;
instead of y;—1 in (39). So © = O,(1), [ = Op(1). Then note that

o = argminVi(u),

lo = argminVi(l),

are unique minimums. So we have the desired results. Q.E.D

Proof of Theorem 4ii. We use (7). Note that § = (p, (') and we can rewrite (7) as

T

Z Ay, — wy_10)% + Ap|0:|" + bTZ 16,172,

=2 j=2
where 61 = p,0s = (1,---,0p = (p—1, wi—1 = (ye—1, M{_,)'. For the stationary case here,
po < 0 (019 < 0), and @ = TY2(f — ) minimizes the objective function above. All the
other coeflicients can be zero or nonzero. This is the reason we have different rates on 64
than all the rest. Proceed in (31)(32) (or in (44)-(46))

l UIWt_l 2 T 2
VT(U) = (et - T1/2 ) - Z =
t=2 t=2
+ ([ + T1/2 " = 1610[™)
+ Z |00 + Tl/Q 72 = 1050]7%). (53)
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We consider each one of the terms above,

T

wwy_q T
Dl — g )t — D
t=2 T1/2 t=2
- Z?:Q wtflw{‘—l u— 2 ZtT:Q Wi—1€¢
- T T1/2

Then by Law of Large numbers for stationary variables by Proposition 17.3 of Hamilton

(1994)
T /
2z W11 3, Ty = Bwi—jw;_;.
T
Central Limit Theorem in Proposition 17.3b in Hamilton (1994) proves that

Wi—1€t d
Zt 2 o N

T2 (0,0°Ty,).

We consider the penalty terms now. Given Ap/T" — Ao > 0, 0 < 71 < 1/2, since
010 = po <0,

AT ‘910 + T1/2 ’71 ’910’% — 0.
Next, with by = O(T72/2), for the remaining coefficients which are zero, for j = 2,---p,
0<y <1,

br (100 + Tl/Q\” — 6501™)
- |T1/2 |7 = boluy[™.
For the nonzero elements of fy = - - = 6, (for j = 2,---,p), since by = O(T72/?)
br (\93‘0 + T1/2 "? — !6?]-0!72) — 0.

Combining the above results in (53) we have, uniformly over u

P
V() % u/Tyru — 20/ N(0,0°Ty) + by > |us 1,00y = V (u).
=2
Note that in the penalty term we do not have terms related to 61 = p since 619 = py < 0.

Then clearly since y;_1, M;_1 are stationary, by following the proof of Theorem 2ii
4 = argminVr(u) = Op(1).
Note that u, = argminV (u) is the unique minimizer so

@ =VT(0 — 6) LA argminV (u),
p
V(u) = uTwu—20/N(0,0°Tw) +bo Y |uj| 19,00}
j=2
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So the first element of 6y(pg) is estimated as nonzero with standard limit and the all the
other elements of 6y can be estimated as zero or nonzero with normal limit. Q.E.D
Proof of Theorem 5. We start the proof of consistency for the nonstationary y; case.

We start with the estimation of
Ayr = pyt—1 + o+ 0t + GAY—1 + -+ + Go1AY_(p—1) + €t

Simple transformations in p.540 of Hamilton (1994) show that an identical equation is

Ayr = p&—1 + p" + 6"t + Que—1 + -+ Qo1 (p-1) + €t (54)
where
uy = Ay — p,
p=a/(l—=Cr—-—Ge),
pr=(1-p)u. (55)

§t—1 = yr—1 — p(t — 1),
6" =0+ pp, (56)
furthermore under py = 0,9 = 0(d§ = 0), without losing any generality by assigning yo = 0,

w=e/(1-GL—--— Cpfleil)u

§t—1=ur + -+ u-1.

To simplify the proofs we further need to rewrite our objective function in the following

way
T p+2
> (Aye — O'wi1)” + Ap|61 " + or]02]7 + 7103 + b > 10,7, (57)
t=2 Jj=4
where 01 = P, 0y = M*, 03 = 0%, (047 T 70p+2) - (Clv T Cp—l)' Also w1 = (gt—lv 1.t Mt*Ll)/‘
My = (-1, u—p—1))". Use the definition of 6 which is the minimizer of the objective
function,
T R R R ~ pt2
S (Ay—Owi1)® 4+ M|y + ep|02]7 + 7|03 + by Y 16,
t=2 j=4
T p+2
< Y (Ay — Ogwi—1)® + erlb20[2 + b1 Y (650
t=2 j=4
Set
p+2
nr = ur|02,0% +br Y 10,07 (58)
j=4
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Then

(Ay; — 0'wi_1)? — (Ay; — Opw_1)?

3
WV
M=

=2
T T
/ 2 2 / )
= > (wi1(6—60))* +2) eqwi_y (6o - 0). (59)
=2 t=2
Next set, for the nonstationary case
/
T 0 0 -1
1/2 /
Do — 0 T 0 —1
= 0 0 T3/2 /
p—1
0 0 0o TY?1, 4
r T T T T A
Zt:Q &1 Zt:Q i1 Zt:Q i1t Zt:Q S—1 My,
T2 T3/2 T5/2 T3/2
T T T «
Zt:Q -1 1 Zt:Q t Et:Q M,
ET = TTs/2 T %ﬂ T r
Et:Q t&e—1 (=2t Et:Q t2 Zt:Q tMy
T5/2 T2 T3 T2
T * T * T * T * */
thg M{_ €1 Zt=2 My, Zt=2 Myt thg My My,
L T3/2 T T2 T |
X = [wy,- -, wp_1], where Dy, ¥ are square matrices of p + 2 dimension, and X is a

(T'—1) x (p+ 2) dimensional matrix.
Rewrite (59) as
80 — 2(Kre) dr —nr <0,

where e = (ea, -+, er), K = E;l/QD;lX’, or = ElT/QDT(é —6p). Then by p.21 of Huang,
Horowitz, and Ma (2008)
167]1% < 6] Kzell + 3nr, (60)

See that by D' X' X D7! = B, we have

E|Krel*> = tr[KrK})
= oXr[2;* Dy X' X' D s,
= o’tr[lpso] = o*(p +2).
Then by
E||(6 = 60) DrSrDr(0 — 0y)|| < 60%(p + 2) + 317 (61)

Then by proposition 17.3 of Hamilton (1994),

&2 [JW(r)2dr w [y W(r)dr & [y rW(r)dr 0,1
1 /
W (r)d 1 1/2
sp 4 | o Wirdr / I (62)
K Jo rW(r)dr 1/2 1/3 -1
Op—l Op—l Op—l FM
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H:a/(l_gl_"'_gp—l)vVj:Eutut—jaj:()v"'vp_2'

Yo 1o Vp—2
Tmy=|- - v - - . (63)

Then seeing that nr = O(maxz{cr,br}), using Dy definition p = Op(@), 1€ = Gl =
Op(%), o* = Op(m), o —po = Op(%). So by Assumption 5*, and the transformations
(55)(56) we obtain the consistency for the case of nonstationarity.

To show how the transformations provide the consistency for some of the estimators, we

proceed in the following way. First, from the results above

We know through (55)(56) that

since pg = 0, from (55) pp = uj. So
ft = puo.
. &
fi=—— —,
1—G—

Note that we also have for the original estimator &

G=pl =G = =),

where we know that ﬂﬁ)ﬂm and 1_51_"'_61071 £> 1_C1,0_"'_Cp71,0' SOOAéﬂ)C!Q ==
po(l —Cro— - —Cp—1,0)-

Next clearly, with 5 2 0, we have by the transformation in (56)
& = (64 pp) L 6y =0. (64)
Note that the original parameters and estimates, under the nonstationary of y;, have the
following property

b—62o.

This is due to first equality in (64) and p = 0.

We now start the proof of consistency for the stationary case. This is very similar

to nonstationary case. From (8) transform the variables and parameters similar to p.464,
Chapter 16 of Hamilton (1994). Let

5 = 6(1+ p), (65)
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pr=a(l+p)=d(p—C = Gp-1), (66)

Yig =wy—1—a—06(t—1). So
Aye = py; 1+ QAY 4+ 1Ay gy 0+ 07T+ e

The objective function in transformed variables are

T p+2
Z(Ayt — elwt_1)2 + Ar|601| + t7]62]7 4 Tr|63]7 + br Z ’9]"74,
t=2 j—4

where ‘91 =p, 02 - ,U**) 93 - 5*) (947 o 79p+2) = (Clu o 7(})*1)) and Wi—1 = (yi‘k—lu 17t7 Mt*Ll)/
and M | = (Ayf 4, ,Ay;‘_(p_l))’. Then by definition of § (with py < 0) (stationarity of

y¢) we have

T p+2
Z(Ayt — let_l)Q + )\T’01”Y1 + LT’02”Y2 + TT’03‘73 + bT Z ‘Hj‘m
t=2 j=4
T p+2
< Z(Ayt — 9610,571)2 + )\T|9170|'Y1 + LT|¢92,0|72 + TT|¢93,0|73 + by Z |¢9j,0|'y4.
t=2 j=4

Then set , for the stationary case

T1/2 0 0 /

p—1
o TYV* 0 !
Dy = p-1 . (67)
o 0 T2 0,

0 0 0 TV, 4

i T *2 T * T * T * «!
thz Y21 thz Yi—1 Zt=2 Vit thg yi_ My,
TT T ’171’2 T T
* !
Do Vi 1 Dot Do Mi
Yr= T T T %ﬂ T T
= 2 )
Do Wi Dot Dot Do tME
172 T2 T3 T2
T * «! T * T * T * «!
thg M{ 97 Zt=2 My, Zt=2 M{_qt thg My My,
L T T T2 T i
X = [wy, -, wp_1], where Dy, ¥p are square matrices of p + 2 dimension, and X is a

(T'—1) x (p+ 2) dimensional matrix.

p+2
17 = Ar|01,0]" + e7102,0]" + 770307 +br D 10,01 (68)
j=4
Then as in the nonstationary case
T ~
e > Y (Ay—0'wi1)? — (Ays — Ogwi—1)?
=2
T . T A
= D (wi1(0—60))* +2) eqw;_1 (6o — 0). (69)
t=2 t=2
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In order to simplify the last equation introduce dp = 21T/2DT(é—00), Kr = Z;lﬂD;lX’,
oot — 2(Kpe)dor —nr < 0,
As in p.21 of Huang, Horowitz and Ma (2008), also in the nonstationary case above
lo7]1* < 6] Krel® + 3nr, (70)
where exactly as in the nonstationary case, via D, IxX'x D 1= %7 we find
E||Kre|* = o*(p + 2).

See that by Appendix 16.A of Hamilton (1994), or via law of large numbers for stationary

variables
Sr S, (71)
where
% 0 0 o
1 1/2 /
EM _ / f)—l ’
0 1/2 1/3 -1

Y Op—1 Op—1 Ip_1pa1
where 7§ = By, 75 = Byfqyf ;1 for j = 1,--p, 7" = (% =752 — Vp-1)-
Fp1p1= EMt*_lMt*Ll. Clearly using the above equations we can write

E||(6 — 6y) DpSrDp(6 — 6y)|| < 65%(p + 2) + 37,

Then seeing that np = O(max{Ar,tp, 7r,br}), using Dp definition in (67) p — po =
Op(LEE), 1€ = Goll = Op(FE), & = 55 = Op(3k), it* — = Op(*FE). So by Assumption
5%, and the transformations (65)(66) we obtain the consistency for the case of stationary

data.
To show that how the transformations work in the stationary framework we proceed as

follows. The transformations are

W=l p) = 8o =G — o — ),

=461+ p).

We know from the results for the stationary case above that
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So clearly,

8: d n & 50 = 00,
1+p 1+ po
and also
S(p—C i -
é! — (p Cl _ Cp 1)+ H —
1+p L+p
P, do(po —C10— " —(p-10) + Ho — ap.
L+ po L+ po

So consistency of all parameters in all various setups have been shown.Q.E.D.
Proof of Theorem 6i. This is similar to proof of Theorem 4i. With py = 0,5 = 0,
define the following as in (31)(32)

T
Ve(u,l) = > (et —v'z_11 — UM,y 7)* — > €7 (72)
=2 =2

(% v
+ )\T\Tl!% + (LT\MO +—=" - LT!MWQ)

VT

p—1
lj
+ TT|T3/2 + ijz:I |Gjo + ﬁl”“ — ol ™, (73)
where v = (TP7T1/2(M*_M3)7T3/25*)/ = (’1)1,’1)2,’1)3), - (\/_(CI_CLO? e 7<p*1_<p*170 ,) -
(lla IR T ,lp—l)/, and 21,7 = (Etf ; \/17’ T3/2) Mt 1,7 = Tﬁl/Q(’u,L ce 7up—1)/' Then @’i

minimize (73).

({)7 l) = argmin’l)ES,lEKVT(va l)u

where S, K are compact subsets in R3, RP~L.
First we prove

Vi(v,0) % Vv, 1) = Vi(v) + Va(l). (74)

We define V' (v,1), Vi(v), Va(l) below in the proof.
To prove (74) we evaluate

T T T
Zet_vzt 10— UM_17) ZeQT:Zv'zf 1,72 1T'U+ZlMt 1,7 M]_ 17l
— t—2 t—2 t—2
T
+ ZZ’UIZf lTMt 1Tl_2ZUZf 1Tet_22ZMt 1T6Q75)
— t—2 t—2

To analyze (75), by p.541 of Hamilton (1994) or via Proposition 17.3 of Hamilton (1994),

uniformly over v and 1
T

v’[z zt_LTzé,l,T]v 4, V'S, (76)
t=2
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where
K2 fol W (r)2dr ﬁfol W (r)dr ﬁfol rW(r)dr
Sw=| &fy W(r)dr 1 1/2
K [ rW (r)dr 1/2 1/3
Next again by Proposition 17.3, and I'js is defined in (63)

T

U My oMy pl B 1Tl (77)
t=2

As can be seen from the consistency proof here, so
T
/ /! p
v Zzt,l,TMthTl — 0,
t=2

where we see that @,Z are asymptotically independent. Next we see that via Proposition
17.3 of Hamilton (1994),

I

— d gtflet d et
v gzt—l,Tet = 111;::2 T ;T z_: T3/2
v1[1/206[W(1)% = 1]] + v

= V'hay,. (78)

Then also by p.541 of Hamilton (1994),

T
U'S" M1 e % UN(0,0%T ). (79)
t=2

From (73), we consider the penalty terms, first since pg = 0,
)\T!%Wl — Aolv1 [,
with Ap/T7" — Xg. Then if pf = 0, then
|0 = el
with op/T72/2 — 1. If s # 0, by 170/T7?/% — 15, where 0 < 5 < 1,
i+ 2 = ) = .

Since 65 = dg = 0, by 70 /T373/2 — 75, we have

U3
rl ™ = molos
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The other penalty on lagged coefficients are proved in Theorem 4i, with by/T72/2 — by, we

have

p—1 p—1
l.
br [ 3 Icio + Lt = Icgol* | = b0 S 1 Lm0y
(jl VT = 70

Then we need & = O,(1),] = O,(1). These follow from the proof of Theorem 4i with
y¢—1 is replaced by z;_1 7 for © proof. The other proof is the same as in Theorem 4i. So we

derive
Vir(v,1) % Vi (v) + Va(l),

and © = argminVy(v),l = argminVa(l). The limit is

Tp
b= T2 — ) | L argmingesVi(v),
T3/2(§*

where v = (v, v9,v3)’, and

Vl(v) = U’va — 27)/h2w + )\0|U1|’yl + LOl{u8=0}|v2|’Y2 + T0|U3|73,

and for
~ A d pil
[=VT({— ) 5 UITayl —2N(0,0°Tar) +bo Y 111" 14¢,0=0}-
j=1
Q.E.D.

Proof of Theorem 6ii. Now we go through the proof when there is stationarity
(po < 0) as in (31)(32)

We use the following function to derive the limit law

T T
Vr(v) = Z(et — v’zt_lyT)Q — Z e?
t=2 t=2

v ()
+ Ar(lpo + —= 1" = pol™) + er(ph + —=2 — |ud|2)

VT VT
p+2 .
+ (|05 + 72 —1651°) + br > |¢j-8.0 + == — ¢i—z,0”
T3/2 P \/_

This time we use

v=(VT(p = po): VT (1" — 1), T*(8" = 65), VT (1 = CL0) -+, VT (Gp-1 = Gp-10))-

Yy 1 t Ay, AY (p1

_ g L )y
thl,T ( \/T’ \/T’ T3/27 \/T ) ) \/T )

‘We know that

0 = argmingesVr(v),
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and we show that
Vr(v) 5 V(v),

b= 0,(1).

We define the limit V' (v) later. To derive the above results we benefit from

T T T

Z(et — vz 1)t - = UI(Z z-1,7% 1 7)0 — 20 Z Zt—1T€¢

t=2 t=2 t=2
First see that as in the consistency proof (equation (71))

T

/ / p
V(Y 1wz )V = S
t=2

Then follow Appendix 16.A of Hamilton (1994)or simply using a central limit theorem

T
d
v’ Z Zi_yret — o?N(0, ).
t=2

Then consider the penalty terms, with Ap/T7 X, 0 < v, < 1/2, when Ap/vT — 0
Y1 1m 7
Ar(lpo + ﬁ\ = |po|™) — 0,
since pg < 0. Next, if p = 0, then with t0/T72/2 — 1, 0 < 75 < 1,
Y2 1y2 ¥2
vr(|—=1"?) — 1o|v2]??,
T(|\/T| ) — tolvz]
if pf # 0, then due to vp/TY? — 0,
U2
vr(|po + ﬁ‘w = [uol™) — 0.

For the time trend variable, if 65 = 0, with 0 < 3 < 2/3,

U3
TT(’Tg/Q "YS) - 7—0’1)3”3'
If 6% % 0
* U3 *
TT(’(SO + T3/2 ’73 - ‘50’73) — 0,

with 7p /TS/ 2 — 0. Next dynamic regressors behave exactly as in the same way in the
nonstationary case so we have
d
Vr(v) — V(v)
p+2

= VI — 2021}/]\[(0, Yu)+ LO‘”Q’wl{MS:O} + 7’0”1)3’731{56:0} + bg Z ”Uj’l{Cj_g,ozo}'
j=4

Next as in Theorem 2ii proof, o = O,(1). This can be proved with (least squares estimators)
Ors = Op(1), which is already in Appendix 16.A of Hamilton (1994).Q.E.D.
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