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Abstract

Do mandatory spending programs such as Social Security and Medicare improve
efficiency? To address this question, We analyze a model with two parties allocating a
fixed budget to a public good and private transfers each period over an infinite horizon.
We compare two institutions: one in which the public good spending is discretionary and
the other in which it is mandatory. We model mandatory spending as an endogenous
status quo since it is enacted by law and remains in effect until changed. Mandatory
programs always result in higher public good spending. Over-provision of the public
good can arise as a transient state when parties are highly polarized, but in steady
states, the level of public good spending is either below or equal to the efficient level, and
is always closer to the efficient level than when public good spending is discretionary.
The party that places a higher value on the public good benefits from mandatory
programs; more surprisingly, the party that places a lower value on the public good
also benefits from mandatory programs, provided that parties are patient, persistence
of power is low, and polarization is low. Under these conditions, mandatory programs
ex ante Pareto dominate discretionary programs.
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1 Introduction

Government budgets are primarily decided through negotiations. Institutions governing bud-
get negotiations play an important role in fiscal policy outcomes. These institutions vary
across countries and time, and examining their effects is an important step towards un-

derstanding these variations.!

In this paper, we are interested in the role of a particular
institution: mandatory spending programs.

Mandatory spending is expenditure that is governed by formulas or criteria set forth in
enacted law, rather than by periodic appropriations. As such, unless explicitly changed, the
previous year’s spending bill applies to the current year. By contrast, discretionary spend-
ing is expenditure that is governed by annual or other periodic appropriations. Examples
of mandatory spending in the U.S. include entitlement programs such as Social Security
and Medicare, while discretionary spending consists of mostly military spending. As Figure
1 shows, mandatory spending has been growing as a share of GDP in the U.S.. In 2011,
mandatory spending was $2 trillion compared to discretionary spending of $1.3 trillion. Be-
cause of these trends, mandatory spending has been at the heart of recent budget negotiations
and is consistently ranked as a top issue by the public and policymakers.?
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Figure 1: US mandatory versus discretionary spending as % of GDP, 1962-2010

We take a first step towards understanding the effects of mandatory spending programs
on budget negotiations and their implications for the efficient provision of public goods.? In

!See International Budget Practices and Procedures Database of the OECD, which is available at
www.oecd.org/gov/budget/database.

2See http://www.people-press.org/2012/06/14/debt-and-deficit-a-public-opinion-dilemma,/ .

3The definition of a public good requires that it is non-excludable and non-rivalrous. However, our model
only requires that the good be non-excludable, and as such, is also applicable to a common pool resource.
Entitlement programs such as Social Security and Medicare are often thought of as a common pool resource.



our model, two parties decide how to allocate an exogenously given budget each period over
an infinite horizon. The parties must determine the allocation to spending on a public good
and private transfers for each party. Parties potentially differ in the value they attach to
the public good and we refer to the degree of such differences as the level of polarization
between the parties. Each period a party is randomly selected to make a budget proposal.
The probability that the last period’s proposer is selected to be the proposer in the current
period captures the persistence of political power. The proposer makes a take-it-or-leave-it
budget offer. If the other party accepts the offer, it is implemented; otherwise, the status
quo prevails. We compare two institutions that govern the status quo: a political system
in which public good spending is discretionary, in which case the status quo public good
allocation is normalized to zero each period; and a political system in which public good
spending is mandatory, in which case the status quo public good allocation in any period
is given by what was implemented in the previous period, and hence is endogenous. Under
both institutions, we assume that the status quo allocation to private transfers is zero.

Under discretionary public spending, in the unique Markov perfect equilibrium, the party
in power under-provides the public good and extracts the maximum private transfer for
itself. Under mandatory public spending, the degree of polarization plays an important role
in determining equilibrium allocations. We characterize Markov perfect equilibria first when
polarization is low and second when polarization is high.

In the low-polarization case, the levels of public good spending proposed by both parties
are either below or equal to the efficient level in both transient and steady states, and
are always closer to the efficient level than when public good spending is discretionary. To
understand why, note that mandatory programs create a channel to provide insurance against
power fluctuations because they raise the bargaining power of the non-proposing party by
raising its status quo payoff. When the status quo level of the public good is low, the party
that places a higher value on the public good exploits this insurance effect by proposing a level
of public good spending higher than what it would propose without mandatory programs.
The incumbent receives all the private transfers when the status quo level of public good
spending is below the efficient level, but when the status quo is higher than the efficient
level, the incumbent proposes to lower the public good spending to the efficient level, and
gives some private transfer to the opposition party so as to pass the budget proposal.

In the high-polarization case, the insurance effect from mandatory programs can lead
the party placing a high value on the public good to propose a level of public good spending
above the efficient level, creating temporary “over-provision.” This is only temporary because
of power fluctuations — once the party who places a lower value on the public good comes
into power, it will lower the level of public good to the efficient level. Indeed, the unique
steady state in the high-polarization case involves the efficient level of public good spending
and private transfers only to the incumbent party.

As is typical in dynamic games, we cannot appeal to general theorems on uniqueness of



Markov perfect equilibrium under mandatory public spending; however, we show that under
some conditions, there are no steady states other than the ones in the equilibria we charac-
terize, allowing us to conduct comparative statics analysis and make welfare comparisons.

One interesting result is that greater power fluctuations (lower persistence of power) lead
to greater efficiency with mandatory programs. This is because greater power fluctuations
provides stronger insurance incentives leading to a higher level of the public good in the steady
state. This is in contrast to Besley and Coate (1998), who show that power fluctuations
undermine incentives to invest in the public good and lead to less efficient outcomes.

Perhaps it is not surprising that the party placing a higher value on the public good
benefits from the introduction of mandatory programs. But strikingly, we show that the
party placing a lower value on the public good also benefits from mandatory programs,
provided that the parties are patient, the persistence of power is low, and polarization is low.
Intuitively, if the party with a lower value cares sufficiently about future payoffs, expects
power to fluctuate frequently, and places a relatively high value on the public good, then the
insurance benefit from mandatory programs is high, making the lower-value party better off.
Thus, mandatory programs can be Pareto improving, and this may explain why they are
successfully enacted in the first place.

Related literature

The distinction between private goods and public goods goes back to at least Adam
Smith (1776), who concluded that public goods must be provided by the government since
the market fails to do so. By now there exists a vast literature formally studying public
goods, starting with the classic work by Wicksell (1896) and Lindahl (1919).

Our paper adds to the literature on public goods provision with political economy frictions
as surveyed in Persson and Tabellini (2000). A subset of this literature analyzes public good
provision under alternative political institutions. For example, Lizzeri and Persico (2001)
investigate the role of alternative electoral systems in the provision of public goods. Our
paper focuses on a particular institution, namely mandatory spending programs.

We consider the determination of public good provision in a legislative bargaining frame-
work, similar to Baron (1996), Leblanc, Snyder, Tripathi (2000), Volden and Wiseman (2007),
and Battaglini and Coate (2007, 2008). With the exception of Baron (1996), these papers
do not consider mandatory programs. Baron (1996) presents a dynamic theory of bargaining
over public goods programs in a majority-rule legislature where the status quo in a session
is given by the program last enacted. He models the provision of public good as a unidi-
mensional policy choice, and analyzes the equilibrium outcome under mandatory programs
only. Our paper contributes to this literature by incorporating both mandatory programs
and discretionary programs and exploring their efficiency implications.

Building on the seminal papers of Rubinstein (1982) and Baron and Ferejohn (1989), most
papers on political bargaining study environments where the game ends once an agreement



is reached. Starting with the works of Epple and Riordan (1987) and Baron (1996), there is
now an active literature on bargaining with an endogenous status quo. These include Baron
and Heron (2003), Kalandrakis (2004), Bernheim, Rangel and Rayo (2006), Anesi (2010),
Diermeier and Fong (2011), Anesi and Seidmann (2012), Bowen and Zahran (2012), Duggan
and Kalandrakis (2012), Dziuda and Loeper (2012), Nunnari (2012), and Piguillem and Ri-
boni (2012). Unlike our paper, these papers consider bargaining over either a unidimensional
policy or the division of private benefits. Thus, they do not address how mandatory programs
affect the provision of public goods, which is the question at the heart of our paper.

Our work is also related to the literature on power fluctuations, which includes Persson
and Svensson (1989), Alesina and Tabellini (1990), Besley and Coate (1998), Grossman and
Helpman (1998), Hassler, Storesletten and Zilibotti (2007), Klein, Krusell, Rios-Rull (2008),
Azzimonti (2011), and Song, Storesletten and Zilibotti (2012). These papers show that power
fluctuations can lead to political failures. By considering equilibria that are non-Markov,
Dixit, Grossman and Giil (2000) and Acemoglu, Golosov, Tsyvinski (2010) establish the
possibility of political compromise for the purpose of risk sharing under power fluctuations.
In our paper, by contrast, even if parties use Markov strategies, they can reach a certain
degree of compromise because with mandatory programs, the party in power cannot fully
undo the decisions and allocations of the past. Moreover, we discuss political compromise in
the context of public good provision, which has efficiency implications beyond risk sharing.

Mandatory programs generate a dynamic link between policy in a given period and po-
litical power in future periods. In that sense, our paper is also related to Bai and Lagunoff
(2011), who analyze policy endogenous power.

The rest of the paper is organized as follows. In the next section we describe our model.
In Section 3 we consider the social planner’s problem. In Section 4 we give the definition
of Markov perfect equilibrium for our model. We analyze the case of discretionary public
spending in Section 5 and the case of mandatory public spending in Section 6. We discuss
equilibrium dynamics in Section 7 and efficiency implications of mandatory programs in
Section 8. In Section 9, we conclude and discuss some promising extensions.

2 Model

Consider a stylized economy and political system with two parties labeled H and L. Time
is infinite and indexed by t = 0,1.... Each period the two parties decide how to allocate an
exogenously given dollar. The budget consists of an allocation to spending on a public good,
¢', and private transfers for each party, z%; and x%. Denote by b* = (g%, x%;, 2} ) the budget
implemented at time ¢. Let B = {y € R? : Z§:1 y; < 1}. Feasibility requires that b* € B.
The stage utility for party ¢ from the budget b is

u; (V") = ot + 6;In(g"),



where 6; captures the relative value of the public good for party i € { H, L} of public goods.*>
We assume 0y > 0; > 0 and 0y + 0, < 1, which ensures that the efficient level of public
good spending is lower than the size of the budget, as we show later.

The parties have a common discount factor §. Party i seeks to maximize its discounted
dynamic payoff from a infinite sequence of budgets, Y ;= d u;(b").

Political system

We consider a political system with unanimity rule. Each period a party is randomly
selected to make a proposal for the allocation of the dollar. The probability of being proposer
is Markovian. Specifically, p is the probability that party ¢ is the proposer in period ¢ + 1 if
it was the proposer in period ¢, which we interpret as the persistence of political power.

At the beginning of period ¢, the identity of proposing party is realized. The proposing
party makes a proposal for the budget, denoted by z!. If the responding party agrees to the
proposal, it becomes the implemented budget for the period, so b* = 2*; otherwise, b* = s,
where s? is the status quo budget.

Let S C B be the set of feasible status quo budgets, and let ( : B — S be an exogenous
function that determines the status quo in period ¢t + 1 as a function of the budget in period
t. So st = ((b) for all t. The set S and the function ¢ are determined by the rules
governing mandatory and discretionary programs. For example, if no mandatory programs
are allowed, then S = {(0,0,0)} and ((b) = (0,0,0) for all b € B. That is, in the event
that the responding party rejects the proposal, no spending on either public good or private
transfers will occur that period. At the other extreme where all spending is in the form of
mandatory programs, S = B and the status quo is (b) = b. That is, disagreement on a new
budget implies the last period’s budget is implemented.

We compare two institutions: one in which all spending is discretionary (that is, ((b) =
(0,0,0)), and the other in which spending on the public good is mandatory, but private
transfers are discretionary (that is, ((b) = (g¢,0,0) for any b = (g,zg,xr)). We find it
reasonable to think of the U.S. federal budget as allocating private transfers through discre-
tionary spending and public goods through mandatory programs. This is because private
transfers in the form of earmarks designated for particular districts are typically appropriated
annually, whereas social programs such as Social Security and Medicare are funded through
mandatory programs and provide benefits from which constituents of any particular party
cannot be excluded. As mentioned in the introduction, although Social Security and Medi-
care do not satisfy the “non-rivalrous” criterion, they satisfy the “non-excludable” criterion

40ur results would go through if instead we assumed u;(b*) = 2! + 6; In(a;g*) for some constant a; > 0.
We can think of a; as the fraction of the common pool resource party i extracts in a second stage game after
the total allocation to the public good is agreed upon. In that sense, our results apply to settings where g°
is non-excludable but not necessarily non-rivalrous.

5We assume log utility for tractability. This functional form is commonly used, for example, in Azzimonti
(2011) and in Song et al. (2012). In the numerical analysis we conducted using CRRA utility functions, we
obtained qualitatively same results.



and are therefore often thought of as a common pool resource. Our model applies when g is
a common pool resource; for expositional convenience, we refer to g as a “public good.”

3 Social planner’s problem: Pareto efficient allocations

As a benchmark, consider the Pareto efficient allocations. These solve

o

max Stuy (b

s.t. ZétuH(bt) > U and b' € B for all t.
=0

We find that any Pareto efficient allocation with z% > 0 and =%, > 0 for some ¢’ and ¢ must
have ¢ = 0y + 0, for all t.° (Note that ¢' = 0y + 0, also uniquely satisfies the Samuelson
condition for efficient provision of public goods.) We henceforth refer to 0y + 6, as the
efficient level of the public good.

For contrast, consider party i’s ideal allocation in any period, which solves maxyep u;(b).
Let us call the level of public good that solves this problem the dictator level for party i.
Clearly party 7« would not choose to allocate any spending to party j, hence the dictator level
solves max, 1 — g+ 6,;1In(g). This is maximized at 6; < 8y + 6. So party i’s ideal level of the
public good in any period results in under-provision of the public good. In a political system
that is a dictatorship in every period, this is the level of public good allocated.”

4 Markov perfect equilibrium

8 A Markov strategy depends only on

We consider stationary Markov perfect equilibria.
payoff-relevant events, and a stationary Markov strategy does not depend on calendar time.
In our model, the payoff-relevant state in any period is the status quo s. Thus, a (pure)
stationary Markov strategy for party i is a pair of functions ¢! = (7%, '), where 7 : S — B
is a proposal strategy of party i and o' : S x B — {0, 1} is an acceptance strategy of party i.

Party i’s proposal strategy 7 = (7%, %, x% ) associates with each status quo s an amount of

6A proof is available in a supplementary Appendix.

"If it is the same party who is the dictator in every period, then clearly in every period it chooses g = 6;;
if different parties become the dictator in different periods, then whenever party i is the dictator, it still
chooses g = 6; in any Markov perfect equilibrium, but it is possible to have g # 6; in a non-Markovian
equilibrium, similar to Dixit et al. (2000) and Acemoglu et al. (2011).

8By focusing on stationary Markov perfect equilibria, we rule out punishment strategies that depend
on payoff irrelevant past events. This is a commonly used solution concept in political bargaining models.
See, for example, Battaglini and Coate (2008), Diermeier and Fong (2011), Dziuda and Loeper (2012). This
solution concept seems reasonable in the context of political bargaining where there is turnover within parties
since stationary Markov equilibria are simple and do not require coordination.



public good spending, denoted by 7%(s), an amount of private spending for party H, denoted
by x%(s), and an amount of private spending for party L, denoted by x%(s). Party i’s
acceptance strategy a'(s, z) takes the value 1 if party i accepts the proposal z offered by
party j # i when the status quo is s, and 0 otherwise. A stationary Markov equilibrium is a
subgame perfect Nash equilibrium in stationary Markov strategies. We henceforth refer to a
stationary Markov equilibrium simply as an equilibrium.

To each strategy profile ¢ = (o, 0), and each party i, we can associate two functions
Vi(:;0) and Wy(+;0). The value V;(s; o) represents the dynamic payoff of party ¢ if ¢ is the
proposer in the current period and the value W;(s; o) represents the dynamic payoff of party
1 if 7 is the responder in the current period, when the status quo is s and the strategy profile
o will be played from the current period onwards.

We restrict attention to equilibria in which (i) «'(s,z) = 1 when party ¢ is indifferent
between s and z; and (ii) o'(s,7/(s)) =1 for all s € S, i,j € {H, L} with j # i. That is, the
responder accepts any proposal that it is indifferent between accepting and rejecting, and the
equilibrium proposals are always accepted.® Given the restriction that equilibrium proposals
are always accepted, in these equilibria the implemented budget is the proposed budget.

Call a strategy profile o and associated payoff quadruple (Viy, Wy, Vi, W) a strategy-
payoff pair. In what follows, we suppress the dependence of the payoff quadruple on o
for notational convenience. Given the restrictions that parties accept when indifferent and
equilibrium proposals are always accepted, a strategy-payoff pair is an equilibrium strategy-
payoff pair if and only if

(E1) Given (Vy, Wy, Vi, Wp), for any proposal z = (¢, 2y, 2}) € B and status quo s =
(9,zm,7r) € S, the acceptance strategy a(s,z) = 1 if and only if
i+ 0:In(g") + 0[(1 — p)Vi(C(2)) + pWilC(2))] = Ki(s) (1)

where K;(s) = x; + 0;1n(g) + 6[(1 — p)Vi(s) + pW;(s)] denotes the dynamic payoff of i
from the status quo s = (g, zy, xL).

9Any equilibrium is payoff equivalent to some equilibrium (possibly itself) that satisfies (i) and (ii). We

take two steps to show this: first, any equilibrium is payoff equivalent to some equilibrium that satisfies (i);
second, any equilibrium that satisfies (i) is payoff equivalent to some equilibrium that satisfies (i) and (ii).

To prove the first step, consider an equilibrium o that does not satisfy (i). Then there exists a status quo
s" and a proposal 2’ = (¢, x, 2, ) such that the responder i is indifferent between s’ and 2’ but o‘(s’, 2’) = 0.
If 2’ gives the proposer j a lower payoff than 77 (s’), then o is payoff equivalent to the equilibrium which is
the same as o except that a’(s’, 2’) = 1 because j would not propose z’ when the status quo is s'. If 2’ gives
the proposer a strictly higher payoff than 77 (s’), then there exists a proposal z” that gives the responder a
higher payoff than 2’ does and gives the proposer a strictly higher payoff than 77 (s’). That is, 2" is a strictly
better proposal than 77 (s’), contradicting that o¥ is an equilibrium.

To prove the second step, consider an equilibrium oF that satisfies (i) but not (ii). Then there exists
a status quo s’ such that af(s’,77(s’)) = 0, implying that the proposer receives the status quo payoff by
proposing 7/ (s’) when the status quo is s’. By condition (i), the status quo is a proposal that is accepted It
follows that o is payoff equivalent to the equilibrium which is the same as 0¥ except that 77 (s') = s'.



(E2) Given (Vi, Wy, V,W1) and o, for any status quo s = (g, zg,xr) € S, the proposal
strategy 7'(s) of party i # j satisfies:
m(s) €  argmax a+6;In(g) +d[pVi(C(2)) + (1 — p)Wi(¢(2))] (2)

z=(g',x'y,x" )EB

s ;4 0;In(g) + 6[(1 = p)V;(C(2) + pW;(C(2))] = K;(s). (3)

(E3) Given o = ((72,a"), (7L, ar)), the payoff quadruple (Vi, Wy, Vi, Wr) satisfies the
following functional equations for any s = (g, zy,x1) € S, i,j € {H, L} with j # i

Vi(s) = Xi(s) + 6:In(+"()) + S [pVi(C(7'(5))) + (1 = p)Wi(C(x (5)))], (4)
Wils) = xi(s) + 0:In(v/ (s)) + 0[(1 = p)Vi(C(w(5))) + pWi(C (7 (s)))]. (5)

We establish existence of equilibria by construction. We begin by considering the bench-
mark model of all discretionary, and then consider the model in which spending on the public
good is mandatory and private transfers are discretionary.

5 Discretionary public spending

Suppose all spending is discretionary, implying that the status quo level of public good
spending as well as private transfers is zero. That is, ((b) = (0,0,0) for any b € B. Because
of log utility in the public good, the responder’s status payoff K;(s) is —oo for any status quo
s, and hence the responder’s acceptance constraint is not binding. The proposer therefore
sets the public good at the dictator level 6; every period and there is under-provision of the
public good. This leads to the first proposition.!?

Proposition 1. If all spending is discretionary, then the public good is provided at the dic-
tator level, and there is under-provision of the public good in equilibrium.

One implication of Proposition 1 is that with only discretionary spending, the equilibrium
allocation to the public good follows a Markov process. Specifically, if ¢ is the proposer in
the current period, spending on the public good next period is ; with probability p (if
is the proposer in the next period), and 6; with probability 1 — p (if j is the proposer in
the next period). In Section 7, we compare this long-run behavior of spending on the public
good under discretionary programs to the long-run behavior under mandatory programs, and
assess the efficiency implications in Section 8.

10Because of log utility in g, Proposition 1 holds for arbitrary status quo rules for private transfers, as
long as public spending is discretionary.



6 Mandatory public spending

In this section, we consider the case in which only the public good spending is mandatory,
that is, ((b) = (g,0,0) for any b = (g, xgy,zr) € B. In the rest of this section, to lighten
notation, we suppress the dependence of 7% and o on the components of the status quo other
than g, and write 7%(g) and a'(g, z) instead of 7%(s) and (s, z). We also refer to the status
quo public good level as the status quo. To obtain some intuition for the equilibrium under
mandatory public spending and discretionary private spending, we first analyze a one-period
model with an exogenous status quo and then analyze the infinite horizon game.

6.1 A one-period model

Suppose that party 7 is the proposer and seeks to maximize its utility u;(z) = x} 4 6;In(g¢’) in
one period, given an exogenous status quo g and unanimity rule. Party ¢’s one-shot problem
that is analogous to (E2) is
m'(g) € argmax 1z} + 0;In(g")
z=(g' 'y 2" )EB

st 2+ 0;In(g) > K;(g),
where K(g) = 6;1n(g).

Proposition 2. In the one-period model with mandatory public spending and discretionary
private spending, the proposal strategy for party i € {H, L} is

01‘ fO’I"g S 0i7
Y(9) =49 for0; < g <0y +0r,
O +0r  forOy+0, <g<1,
i 0 Jor g <0y + 0L,
Xj(g) =
0;In(g) —In(0y +61)] for Oy +0, <g<1,

and x'(g) =1 —~%(g) — X§(9>

We relegate the proof of Proposition 2 to the Appendix. Henceforth all omitted proofs
are in the Appendix. We illustrate 7'(g) in Figure 2 for the one-period problem.

Notice that when the status quo level of the public good is below proposer i’s static ideal
0;, proposer ¢ has a constant choice of 7%(g) equal to its static ideal. Intuitively, when the
status quo is below some threshold, the responder’s acceptance constraint does not bind, and
hence the proposer is able to set its ideal level of the public good and extract the remainder
of the budget as a transfer for itself. When the status quo is above this threshold, the
responder’s acceptance constraint binds. For some intermediate range of the status quo,
it is optimal for the proposer to maintain the level of the public good at the status quo

10



7'(8)

0,+6, T

Figure 2: 7%(g) in one-period problem

and extracts the remaining budget as a transfer. For status quos above the efficient level
Oy + 01, since the sum of the marginal benefit of the public good is lower than the sum of the
marginal benefit of transfers, the proposer does best by lowering the level of the public good
to the efficient level, giving the responder a transfer to make the responder indifferent, and
extracting the remainder of the budget for itself. Hence ~(g) is constant at the efficient level
when the status quo is above the efficient level. These strategies give the following payoffs
to the proposer ¢+ and responder j respectively in the one-period model.
1—6;+6;In(6;) if g <0;,
Vi(g) = 41 —g+6;In(g) if0; <g<0uy+0rL,
1—QH—HL—Gjln(g)—i—(QH—l—@L)ln(@H—l—@L) if 6H+0L Sg,
and
Wilg) = {ej In(6;) ng <0,
6;In(g) if 6, <g.

As shown above, the proposer’s equilibrium payoff V;(g) is constant and maximized when
the status quo is below its static ideal. This is where the responder’s constraint is not binding
and the proposer obtains the highest payoff possible. The proposer’s payoff is decreasing for
status quos higher than its ideal because now the responder’s constraint is binding, and the
responder’s status quo payoff is increasing in the status quo. Similarly, the responder’s payoft
W;(g) is constant for status quos below the proposer’s ideal and increasing for status quos
above the proposer’s ideal, where it is equal to the status quo payoff.

Given the equilibrium payoffs in the one-period problem take different functional forms
for different regions, the analysis of the T-period problem, even for T" = 2, is cumbersome.
Partly because of this, we do not analyze a T-period problem. Rather, we analyze the

11



infinite-horizon problem by exploiting the recursive structure.

6.2 The infinite-horizon model

Now consider the infinite-horizon model. From the equilibrium conditions (E2), it must be
the case that, for all i, 7 € {H, L}, j # i and any status quo g, the proposal 7(g) is a solution
to the following maximization problem,

T(g) € _argmax i 0:In(g") +0lpVilg’) + (1 = p)Wilg)] (6)
s.t. a4+ 0;In(g") + 6[(1 — p)Vi(g") + pW;(9")] > K;(g), (7)

where
Kj(g) = 0;1n(g) +6[(1 — p)V;(9) + pW;(9)]. (8)

From (E3), V; and W; satisfy the following functional equations:

Vilg) = xilg) +0:In(~*(g)) +[pVi(v'(9)) + (1 = p)Wi(y"(9))],
Wilg) = xi(g9)+0:iln(y’(9)) +8[(1 — p)Vi(v/ (9)) + pWi(+"(9))]. (10)

We construct equilibria by the “guess and verify” method. The form of the parties’
equilibrium strategies and payoffs in the one-period model are a natural starting place to
consider the solution to the infinite-horizon model; however, we expect the solution to the
infinite-horizon model to take into account continuation strategies and payoffs. We provide
here some brief intuition about how this may alter strategies. Consider the choice of the pro-
poser when the responder’s constraint is not binding. In the one-period model, the proposer
chooses its static ideal. In the infinite-horizon model the proposer takes into account the fact
that it may not be the proposer in the next period; hence he may wish to provide insurance
for itself by setting the value of the public good above its static ideal. We find this insurance
effect to be present in the infinite-horizon model.

This insurance effect appears to have the desirable property that it increases the equilib-
rium level of the public good compared to discretionary spending, but is it possible that it
causes parties to increase the level of the public good above the efficient level? The answer
is yes for some parameter values. In particular, define the level of polarization as the ratio
z—fz. Below we divide the characterization of the equilibrium of the infinite-horizon model
into the low-polarization case and the high-polarization case. In the case of low polarization
we show that the insurance effect leads party H to propose levels of public good spending
that are higher than what it proposes when such spending is discretionary, but there is no
over-provision of the public good in equilibrium. In the high-polarization case we do ob-
serve over-provision of the public good. We make these statements precise in the equilibrium
characterization below.

To simplify the characterization, we use the recursive structure of the dynamic payoffs to
establish Lemma 1, which shows that when the responder’s acceptance constraint (7) binds,
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the responder’s dynamic payoff W;(g) and its status quo payoff K;(g) can be expressed
entirely in terms of V;(g), its dynamic payoff if it was the proposer.

Lemma 1. If W;(g) = K;i(g), then

Wilg) = Kilg) = T=5{6iIn(g) + 6(1 = p)Vi(o). (1)
Proof: Suppose Wi(g) = Ki(g). Then W;(g) = 6;iIn(g) + d[(1 — p)Vi(g) + pWi(g)].
Rearranging gives (11). i

Lemma 1 conveniently transforms the dynamic payoff for party ¢ into one with a single
value function V;(g), rather than two - V;(g) and W;(g) - when party i’s constraint is binding.

For the upcoming analysis, it is useful to define f; as party ¢’s dynamic payoff when the
public spending in the current period is g and party ¢ receives the remaining surplus:

filg) =1 =g+ 0;In(g) + d[pVi(g) + (1 — p)Wi(g)]. (12)
Low-polarization case
We look for an equilibrium strategy-payoff pair o = (7%, o), (7, L)) and (Vir, Wy, Vi, W)
with the following properties that bear some resemblance to the one-period solution:

(G1) There exist g; and gj; with ¢g] < g¢5; < 0y + 01 such that gf € argmax f;(g) for
i € {H,L} and if g < g}, then 7'(g) = 7'(g}), and specifically 7v*(g) = g;.

(G2) If g € [g7, 0 + 0], then 7'(g) = g and W;(g) = K;(g) for i, j € {H, L} with i # j.

(G3) For any i,j € {H, L} with j # 1, if g > 0y + 0, then 7' (g) = 0y + 01, W;(9) = K;(g),
and the proposer’s equilibrium payoff V;(g) takes the form V;(g) = C;In(g) + D;.

Guess (G1) says that when the status quo is sufficiently low, each proposer proposes a
constant level of public good spending that maximizes its dynamic payoff, with the public
good spending proposed by L being lower than that proposed by H. This is reasonable since
when the status quo is sufficiently low, the responder’s acceptance constraint should be slack
at the proposer’s dynamic ideal level of public good spending. Furthermore, since the static
ideal public good level for H is higher than that for L, one would expect that the dynamic
ideal for party H is higher than that for party L.

Guess (G2) says that when the status quo is higher than the cutoff specified in (G1),
but lower than the efficient level 8y + 61, then the proposer maintains the status quo public
goods spending, and the responder’s acceptance constraint binds.

Guess (G3) says that when the status quo is higher than the efficient level, then the
proposer proposes public good spending that is equal to the efficient level and makes transfers
to the responder so that the responder is just willing to accept. The functional form guess
of V; is motivated by the fact that per-period utility functions are linear in In(g).
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Suppose o = (72, o), (7L, b)) and (Vi, Wy, Vi, W1) is an equilibrium strategy-payoff

pair that satisfies (G1)-(G3). In the next few lemmas we establish some properties of o and
(Vig, Wy, Vi,, W), and in Proposition 3 we use these to characterize the equilibrium.

Consider first the proposer’s problem (6) without imposing the responder’s acceptance
constraint (7). Since g enters the problem only through the constraint (7), the proposer’s
value function is independent of g, and we denote proposer i’s highest payoff without the
constraint (7) by V;* = max, fi(g). Clearly, if z is a solution to proposer ¢’s problem without
the acceptance constraint, then z = (¢, xy, x) where ; = 1— ¢’ for some ¢’ € arg max f;(g).

Since V;* is proposer i’s highest payoff without the constraint (7), it follows that V;* >
Vi(g) for any g. Denote W (g3;) by W} and denote Wx(g;) by W.

Lemma 2. Under (G1), for all i,j € {H,L} with j # i, (i) if g < gF, then Vi(g) = V",
Xi(9) =1—g;, Xi(9) =0, and (i) if g < g}, then Wi(g) = W}

Proof: Part (i): By (Gl), g € argmax f;(g). Since responder j accepts the proposal
(97, 1—g7,0) when the status quo is g = g7, it follows that V;(g}) > V;*. Since V;* > V;(g) for
any g , it follows that Vi(g;) = Vi*, xi(g;) = 1 — g;, and x’(g;) = 0. The rest of (i) follows
immediately from (G1).

Part (ii) follows from (10).

Lemma 2 says that party i’s dynamic payoff as the proposer is constant and maximized for
g < g when the responder’s constraint is not binding. Next consider when the responder’s
acceptance constraint is binding. To begin, we characterize these dynamic payoffs over the
range g € [gF,0u + 0]

Lemma 3. Under (G1) and (G2), if g € g7, 93], then

Velo) = 5 (1= 9 + B lnlg) + 5(1 — p)IY) (13)
and if g € g}, 0 + 0], then
_ (-dp)(1—-g) 0;
Vi) = G20 159 (14)

forallie {H,L}.

Proof: Under (G2), if g € [g}, 0y + 0.], then 7°(g) = g. Since the responder accepts the
proposal (g,1 — g,0) if the status quo is g, this implies that X;(g) =0 for g € [gf,0u + 0]
and therefore

Vilg) = 1= g +6:iln(g) + o[pVi(g) + (1 = p)Wi(g)]. (15)
By Lemma 2, if g € [g], g};], then W(g) = W}. Substituting in (15) and rearranging terms,
we get (13). Under (G2), if g € (g5, 0n +6L], then W;(¢g) = K;(g) and by Lemma 1, equation
(11) holds. Substituting (11) in (15) and rearranging terms, we get (14). H
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Lemma 3 gives the functional form for proposer i in a range that includes its dynamic
ideal level of the public good g;. We are now in a position to fully characterize g;.

Lemma 4. Under (G1) and (G2), g5 = 01, and g5, = %91{.

Lemma 4 formalizes the intuition given at the beginning of this subsection. It says that
party L’s dynamic ideal gj is equal to its static ideal 0;, while party H’s dynamic ideal g},
is strictly higher than its static ideal f5. To understand this result, note that the proposer’s
choice of the public good level has a static effect on the current-period payoff and a dynamic
effect on the continuation payoff because it determines next period’s status quo. Furthermore,
the dynamic effect creates two competing incentives for the incumbent: the incentive to raise
the public good level for fear that the opposition party comes into power next period, and
the incentive to lower the public good level to lower the bargaining power of the opposition
party if the incumbent stays in power next period. In the low-polarization case, the dynamic
effect of party L’s proposal is zero because even if party H becomes the proposer next period,
it would choose its dynamic ideal, which is sufficiently high. On the other hand, party H
is indeed concerned that party L would set the level of public good too low should party L
come into power, and the insurance incentive arising from this dynamic concern leads party
H to propose gj; strictly higher than its static ideal 0. Clearly, a necessary condition for
an equilibrium to exist that satisfies (G1)-(G3) is that ¢;; < 0y + 0,. By Lemma 4, this is
satisfied if g_sz < =0

6(1-p)°
the value of public good are sufficiently similar, we call this the “low-polarization” case.

Since this condition implies that the parties’ preferences regarding

We now characterize the proposer’s dynamic payoff over the remainder of the range of g.
By (G3), the dynamic payoffs are given by V;(g) = C;In(g) + D; for g > 0y + 61,. Lemma 5
characterizes the values of C; and D;.

Lemma 5. Under (G3),
— (1= 6p)0, + 31— p)6,
(1—=0)(1406—20p) '
(1 — (Sp)(l — HL - 9H + <0H + QL) ln(GH + QL))
(1—=0)(1+40—2dp) ’

C; =

D, =
fori,j e {H,L} with j #i.

Recall that we guess in (G3) that 7(g) = 0y + 0, for all ¢ > 0y + 6. To ensure
that this holds in equilibrium — in particular, the responder accepts the proposal — we need
(g, 0y + O, xp,21)) =1 with ; =1 -6, — 0y, x; = 0 for all g > 0y + 0, that is, the
responder would agree to bring the public spending to the efficient level of (0 + 01) after
receiving the rest of the surplus as private transfers. In what follows, we derive a condition
under which this holds in equilibrium, and we discuss what happens if the condition is violated
at the end of this subsection.
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Note that o (g, (g + 0, 2p,21)) =1 with x; =1 — 0, — 0y, ; = 0 is satisfied if
1= (0n +01) +6;In(0y + 0) + 6[(1 — p)V; (0 + 01) + pW;(0u + 01)] = K;(g).
Substituting for K;(g) and W;(g) using Lemma 1 and substituting for V;(g) = C;In(g) +
D; for g > 0y + 01, the inequality simplifies to
0;(1 —dp) — 6:6(1 — p)
1— (0 +0r) > -2 1
Since the right-hand side of inequality (18) is higher when j = H than when j = L, it
follows that if the inequality holds for j = H, then it holds for j = L as well. Moreover, the
right-hand side of (18) is increasing in g, implying that if the inequality holds for g = 1, then
it holds for all g > 0y + 0. Call the following inequality condition (x).

—In(0y +01)]. (18)

QH(l — 5])) — QL(S(l —p)
(=01 50— 20p) (b +00). (*)

We are now ready to establish the equilibrium characterization result in the low-polarization
case. For brevity, we use 6} to denote 1+5 257’ 0; for 1 € {H, L} for the rest of the paper.

1—(0g +0r) >

Proposition 3. Suppose 5 GH <sa _55) and condition (%) holds. Then, there exists an equilib-
rium strategy-payoff pair o = (71, o), (x¥, al)) and (Vig, Wy, Vi, W1) that satisfies (G1)-
(G3). Specifically, fori,j € {H,L}, j #1,

9i for g <g;,
7'(9) =19 forgi <g<0uy+0.,
Oy +0;, forOg+0, <y,
i 0 Jor g < 0x +0r,
X;j(9) = 0,(1=6p)=0:6(1=p) | | Bt g, <
(1 &) (1+5—26p) (9H+9 ) forfuy +0L <y,

and xi(9) =1 —~"(9) — Xi(g), where g; = 0., and gj; = 0.

Figure 3 is the numerical output from value function iterations. It illustrates the parties’
proposal strategies for the public good in an equilibrium that satisfies (G1)-(G3). We include
the illustration of parties’ proposal strategies for transfers in the Appendix.!!

Equilibrium when condition (x) fails: Denote by 2§ the proposal (0y + 0r, 7y, 1)
where ; = 0 and z; = 1 — 0y — 0. Recall that in Proposition 3, we assume that condition
(%) holds, which ensures that the responder j accepts the proposal ¢ even when the status
quo is high. What happens if condition (x) fails, that is, if o’ (g9,2§) = 0 for g sufficiently
high? In that case, instead of proposing ¢’ = 0y + 01, party i proposes ¢’ > 0y +0r, x, = 0,
and z; = 1 — ¢’ such that party j is just willing to accept. Figure 4 illustrates the parties’

1Tn the low-polarization case when parameters satisfy condition (*), all numerical output we have obtained
satisfy (G1)-(G3).
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proposal strategies when condition (x) fails. In the figure (G1)-(G2) are still satisfied, but
for very high status quos, (G3) is violated. As we show in Section 7, the failure of condition
(x) does not affect the set of steady states.

High-polarization case
1—0p

6(1—-p)’
output from value function iteration when this condition holds.

Now suppose g—’Lf > so polarization is high. Figure 5 below illustrates a numerical
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Figure 5: 7'(g) in high-polarization case

Figure 5 suggests equilibrium strategies that at first glance look very different from the
low-polarization case; however, upon further examination, we find parallels. First consider
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the strategy illustrated for party L. This strategy is in fact similar to party L’s strategy in
the low-polarization case: a constant value gj (in this case 0.2) is chosen at low levels of the
status quo, for intermediate values of the status quo, the public good is chosen to be equal
to the status quo, and for status quos above the efficient level (0 + 6, = 0.6), the efficient
level of the public good is chosen.

For party H, the condition for high-polarization, 69—’; > %, necessitates that gj; charac-
terized in the low-polarization case (which is 0.67 for these parameter values) is now strictly
above the efficient level, 0.6. It is not surprising that at low values of the status quo, below
the point g ,; in Figure 5, party H still chooses the public good spending to be equal to its
dynamic ideal gj;. Interestingly, Figure 5 shows that gj; is also chosen at very high levels of
the status quo, which suggests that party L’s acceptance constraint is slack when the status
quo is very high. The intuition for setting the level of the public good above the static ideal
is the same as before: party H’s insurance motive dominates, but under high polarization,
what is dynamically optimal for party H is higher than the efficient level.

Between g, and a higher threshold gg, the level of public good proposed by party H is
between its dynamic ideal g7; and the efficient level 8 + 01,. This is because the acceptance
constraint for party L binds and party H cannot propose its dynamic ideal, but party L’s
status quo payoff is low enough that party H does not have to propose the efficient level.
As the status quo increases, party L’s status quo payoff also increases, and party H has to
propose a level of the public good closer to the efficient level.

Between gy and 6y + 61, the efficient level is proposed by party H. In this range, party
L’s status quo payoff is high enough that party H finds it optimal to propose the efficient
level of the public good and give party L some transfer so that it consents to raising the level
of the public good. Finally, between 0y 40, and g7, it is optimal for party H to maintain the
status quo since it is closer to party H’s dynamic ideal, and it satisfies party L’s constraint.

It remains to formally characterize an equilibrium with these properties. Motivated by
Figure 5, we make the following guesses about an equilibrium strategy-payoft pair. Recall
that f;(g), defined in (12), is party ¢’s dynamic payoff when the public spending in the current
period is g and party ¢ receives the remaining surplus.

(G1l') There exist ¢g; and ¢}, with ¢g; < 0y + 0, < g}; such that gf € argmax f;(g) for
ie{H L}

(G2) If g < g}, then 72(g) = 7L (g}) and specifically v (g) = g5; if g € [g},0n + 0], then
v¥(9) = g if g = Ou + 01, then v*(g) = O + 0. 1f g > g7, then Wi (g) = Knu(g).

(G3') There exist g, and gy that satisfy g7 < g, < gum < 0 + 0 such that (i) 7l (g) =
m(gj;) for g < g, and g > g3y; (ii) if g € [g,,, g5] then Wi (g) = K1(g); (iii) if g < gu
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or if g > 0y + 01, then x¥(g) = 0; and (iv)

(4 forg<g,.
9 €0u+06r,gy] forg, <g<gn,

7 (9) = { 0 + 01 for g < g < 0n + 0y,
g for Oy + 01, < g < gy,
(I for g;; < g.

where ¢ is a function of g satisfying 0, In(¢’) + 6[(1 — p)Vi(¢") + pWiL(¢)] = Kr(9).
(G4') It v'(g) = 0y + 01, then V;(g) is piecewise linear in g and In(g).

n (G2'), we guess that v“(g) = 0y + 0, for all g > 0y + 0. This is analogous to the
low-polarization case and we need a condition similar to (%) to guarantee that it holds in
equilibrium. This condition, which we call (xx), is given below. Recall that 0}, = %01{

o(1 O+ —07% 0 *
L — (O + 01) + 25 In(0y +6,) > 2t Vi) oy SUpln 1y ;). (%)

The derivation of condition (*x) is similar to that of condition (%) and can be found in
Section 10.5.2 in the Appendix.

n (G3'), we guess that g7 < g,. In Lemma 10 in the Appendix, we find the value of
g, under (G1)-(G4') and we denote this value by 1. We also show in the Appendix that
¥ > 07 guarantees that g7 < g ;o n equilibrium.

Proposition 4. If Z—’Z > %, W > 05 and condition (xx) holds, then there exists an

equilibrium strategy-payoff pair that satisfies (G1')-(G4').

Equilibrium when condition (xx) fails: Figure 6 illustrates the parties’ proposal
strategies when condition () fails. The figure suggests that (G1')-(G4’) are still satisfied
in equilibrium, except that for very high status quos, v(g) > 0y + 0L, similar to the low-
polarization case. As we show in Section 7, the failure of condition (x*) does not affect the
set of steady states.

Equilibrium when condition ¢ < 07: Figure 7 illustrates the parties’ proposal strate-
gies when ¢ < 65. The figure suggests that two kinds of equilibria arise. In panel (a), the
equilibrium strategies still satisfy (G1')-(G4’) with the exception that g7 > g, . In this case,
party L’s dynamic ideal is g; = 67 > 0, an analog to party H’s dynamic ideal gj; = 0%.
Intuitively, when g7 > g, party L’s choice of public good has a non-zero dynamic effect
because if party H comes into power in the next period, its proposal will depend on the
status quo if the status quo is above the threshold g 7 This dynamic effect results in party
L’s dynamic ideal g} being higher than its static ideal 8;. In panel (b), party H’s strategy
again satisfies the guesses, but party L’s strategy violates (G2'). In particular, instead of
proposing ¢' = g when g € [g},0 + 0], now party L proposes a constant level ¢ = 07
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when the status quo is in a subinterval of [g],0y + 6] (the “kink”). This is because in
this subinterval proposing ¢' = 0} is a local maximizer for party L’s optimization problem
without the acceptance constraint and it is optimal to make this proposal (leaving party H’s
acceptance constraint slack).

Although the details of party L’s strategy violate certain aspects of (G2') when ¢ < 67,
the efficiency implications and the set of steady states are still the same, as illustrated in
Figure 7 and will be formalized in Section 7. For this reason, we omit a full equilibrium
characterization when ¢ < 67.
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7 Equilibrium dynamics

We next discuss equilibrium dynamics. Let ¢° denote the initial level of public good spending.
As we show in Proposition 5 below, there is a unique steady state, denoted by ¢°, correspond-
ing to each ¢°. Recall that for an equilibrium satisfying (G1)-(G3) in the low-polarization

x _ ok _ 14+40—20p
case, g5 =05, = WQH‘

Proposition 5. In an equilibrium that satisfies (G1)-(G3) in the low-polarization case, if

° < 03, then g° = 0%, if ° € [0%,0u+01], then ¢° = ¢°; if ¢° > Oy + 0y, then g° = Oy + 0.

In an equilibrium that satisfies (G1')-(G4') in the high-polarization case, g° = 0y + 6, for
0

any gv.

The proposition says that in the low-polarization case, starting from a level of the public
good below the efficient level, the steady state is still below the efficient level, but above
what would be implemented with only discretionary programs. Starting from a level of the
public good above the efficient level, the steady state is at the efficient level. This is because
when the status quo is above the efficient level, parties find it optimal to reduce spending on
the public good to the efficient level. But once public good spending is at the efficient level,
any allocation that exhausts the budget is on the Pareto frontier; hence any proposal that
improves the payoff of the proposer must reduce the payoff of the responder. Because public
good spending is mandatory, the responder’s bargaining power prevents the proposer from
reducing its payoff, and hence this is a steady state.

Proposition 5 says that in the high-polarization case, the only steady state involves public
good spending equal to the efficient level 05+ 6;. The dynamics leading to this unique steady
state may be non-monotone. Specifically, if the initial status quo is below gy and L is the
initial proposer, L chooses v (g) € [0L, gr] and this level persists until party H next comes
to power. When party H is next in power, party H sets a higher level of the pubic good
v (g) € [0n + 01, g}, and the public good spending remains at this level until party L next
comes to power. When party L returns to power, he finds it optimal to reduce the level of
the public good to the efficient level, which is then sustained. Hence in the high-polarization
case, the level of the public good can potentially overshoot the steady state level even if the
initial state is low.

Proposition 5 says that in the equilibrium we constructed, the set of steady states is
05,0 + 0] in the low-polarization case, and it is the singleton {#g + 6.} in the high-
polarization case. In the next proposition, we show that there are no other steady states in
any other equilibrium under certain conditions.

Suppose o and (Vy, Wy, Vi, W) is an equilibrium strategy-payoff pair. Let G* denote
the set of steady states, that is, for any ¢ € G*, 7(g) = g for « € {H,L}. Let G denote
the set of public good spending levels g such that when the status quo is g the acceptance
constraint binds regardless of the responder.
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Proposition 6. Let g € G®, and suppose that (i) Vi and V, are differentiable on an open set
C' such that g € C C G, and (ii) the responders’ acceptance constraints satisfy Kuhn-Tucker
Constraint Qualification. Then g € [05,0y+0L] in the low-polarization case, and g = 0y +0,
in the high-polarization case.

We next discuss comparative statics on the set of steady states in the low-polarization
case. Since the highest steady state is constant at the efficient level, comparative statics on
the set of steady states is driven by comparative statics on the lowest steady state, which is
given by party H’s dynamic ideal level of the public good ¢}, = 07;.

Proposition 7. In the low-polarization case, the lowest steady state 0% is decreasing in the
persistence of power p and is increasing in the discount factor .

The intuition for this result is simple. The static ideal level of public good spending for
party H is equal to 6y, but dynamic considerations create incentives for party H to set a
level of the public good above its static ideal to increase its status quo payoff in the event that
it loses (proposing) power. As party H becomes more confident that it will still be in power
in the next period, its incentive to insure itself decreases, and hence it sets a level of the
public good closer to its static ideal, knowing that it will likely be able to set the same level
in the next period and receive transfers. Similarly, as party H’s discount factor increases, it
puts more weight on future payoffs, and hence is more sensitive to being out of power in the
future. To insure itself against being out of power in the next period, it increases the level
of the public good in the current period. This means that more patience or less persistence
in political power results in steady states closer to the efficient level.

8 Efficiency implications of mandatory programs

One objective of this paper is to examine the efficiency implications of mandatory programs.
In this section we explore this. First recall that if the public good spending is discretionary,
then in any Markov perfect equilibrium, the level of public spending is equal to 6; if party i is
the proposer in that period. By Proposition 3, the equilibrium level of public good spending
proposed by party i is in [gf, 0y + 1] under mandatory programs in the low-polarization
case. Since gf > 6, for all i € {H, L}, the level of public good spending is higher when
it is mandatory than when it is discretionary, independent of the status quo. Since over-
provision of public good does not happen in equilibrium in the low-polarization case, this
means that the equilibrium level of public good spending is closer to the efficient level when it
is mandatory than when it is discretionary. In the high-polarization case, however, the level
of public good spending proposed by party H can be as high as gj;, which is now higher than
Oy + 0. Hence over-provision of the public good is possible, but as shown in Proposition 5,
it is only a transient state.
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How do mandatory programs affect the parties’ welfare? The next proposition shows
that mandatory programs improve the ex ante welfare of party H. More surprisingly, under
some parametric conditions — in particular, when the parties are sufficiently patient and the
persistence of power is sufficiently low — they also improve the ex ante welfare of party L.
For notational convenience, let

w(d,p) =In <5

(146 — 2p)* 1—4dp

(1-p)(1 - 5p)> S 5(1-p)

Proposition 8. Suppose it is equally likely ex ante for party H and party L to become the
proposer. Then party H'’s steady state payoff is higher when public good spending is mandatory
than when it is discretionary. Moreover, in the low-polarization case, party L’s steady state

payoff is higher when public good spending is mandatory than when it is discretionary if
w(d,p) > 0.

Notice if 6 = 1, then w(d,p) = In(4) — 1 > 0. Hence, if the parties are sufficiently patient,
then even the party who places a lower weight on public good is better off ex ante if the
spending on public good is mandatory.

It is straightforward to verify that w(d, p) is decreasing in p and increasing in 9. When
p =0, w(dp) =In((1+5)?2/5) —1/6, and w(5,0) = 0 when & ~ 0.706. It follows that if
6 > 0.706, then there exists p > 0 such that for all p < p, w(é,p) > 0, and even the low party
benefits ex ante from mandatory public good spending. Intuitively, when the persistence of
power is low, the insurance benefit from mandatory programs is high, making the parties
better off.

9 Concluding remarks

In this paper we analyze a model of dynamic bargaining between two political parties over the
allocation of a public good and private transfers to understand the efficiency implications of
mandatory programs. We find that allocation of the public good through a mandatory pro-
gram mitigates the problem of under-provision of the public good compared to discretionary
programs because it provides a channel for parties to insure themselves against power fluc-
tuations. As a result, mandatory programs provide payoff smoothing for the parties, that is,
the difference between each party’s payoff when in power and when out of power is smaller
under mandatory programs. This leads to higher ex ante dynamic payoffs for both parties,
even the one that places a low value on the public good, when the parties are sufficiently
patient, not too polarized, and persistence of power is sufficiently low.

Several extensions seem promising for future research. First, in this paper, we focus on a
particular status quo rule: spending on the public good is mandatory and private transfers
are discretionary. We find this to be a good approximation of the rules governing the U.S.
federal budget negotiations, but since there are potentially different rules governing how the
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status quo evolves, an interesting question is what would be the optimal status quo rule.
Separately, if the choice of mandatory versus discretionary programs is endogenous, what
would be the outcome?

The persistence of power is parameterized by p, the probability that the proposer last
period continues to be the proposer this period, and for simplicity, we assume it to be
exogenous in our model. Since success in bringing home “pork” typically results in more
favorable electoral outcomes, a second interesting extension is to consider how the efficiency
implications of mandatory programs change if power persistence is endogenously determined
by the policy choice as in Azzimonti (2011) and Bai and Lagunoff (2011).

In our model, the size of the budget to be allocated in each period is fixed. Another
extension would be to investigate the effect of mandatory programs if the size of the cake
to be shared among the legislators is endogenous and determined by policy choice, as in a
neoclassical growth model a la Battaglini and Coate (2008).

Finally, although parties place different values on the public good, each party’s value
stays constant over time in our model. If the values of the public good fluctuate over time
stochastically, then we expect mandatory programs to have other interesting effects absent in
the model with deterministic values. For example, a high level of public good spending that is
efficient in times when the the public good is especially valuable becomes inefficient when the
value of the public good decreases, and the inertia created by the mandatory program may
lead to over-provision of the public good. In some preliminary analysis of a model in which
the public good has the same value to both parties but fluctuates stochastically over time,
we find that over-provision of the public good can happen when the value of the public good
is low but the status quo is high. We plan to pursue this extension and others mentioned
above in future work.
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10 Appendix

10.1 Proof of Proposition 2
Party i’s Lagrangian for this problem is

Li = x;+0;In(g") + M1 — g' — 2 — 2] + N[ + 0;In(g") — K;(g)],
where K;(g) = 0;1In(g). The first order conditions are ¢', z}, 2/, A1, A2 > 0 and

%M+ <o, 9—&—A1+Agg—z]g:o, (19)
1—=X <0, [1—X\]z=0, (20)

M <0, [“A A+ A =0, (21)

l—g —a;—2;>0, [1—g —a;—aj]\ =0, (22)

l’; +0;In(g) — K;(g) >0,  [2}+0;In(g ") — K;(g)]A2 = 0. (23)

First note that A\; > 1 by (20). Hence, for (22) to hold, we must have 1 — ¢’ —z} — 2, = 0.
Next note that ¢’ > 0 because otherwise (19) is violated.
There are now four cases to consider.

e )y = 0: Since \; > 0, (21) implies that 2 = 0. So we have z} + ¢’ = 1. Suppose g’ = 1.
Then, since \y=0, by (19), \; = 6; < 1, which contradicts (20). Hence, ¢’ < 1 and
x,=1—¢ >0. By (20), 2; > 0 implies that A\; = 1. Combined with (19), this implies
that g’ = 0;, 7; = 1—0;, and 2, = 0. For the inequality in (23) to hold, we need g < 0;.

e Xy >0, 7; >0and 2} > 0: Then \; = Ay = 1. Together with (19), (22) and (23), this
implies that
g = Ouw+0r,
r; = 1—0,—0g—K;(g9)+0;In(0y +6L),
af = Kji(g) —0;n(0y +0L).

Since 0 < z; < 1 and 0 < 7 < 1, for this to be a valid solution we need 0 <

K]<g) — Hj ln(HH —|—(9L) < 1-— 0H — 6[4, which holds lfg > 6]-[ + GL'

e )\ >0, 7; >0 and 2 = 0: Then (23) implies that ¢’ = g. Since x; > 0, \; = 1, and
(19) gives ¢’ = 6, + A20;. Since 0 < Ay < Ay =1, it follows that this is a valid solution
only when 0, < g < 0y +0;.

e )\ >0, 7; =0 and 2} > 0: Then (21) gives \; = Ay, and (19) gives ¢’ = f—j +6; > 0;.
Since Ao > 0, (23) implies that 1 — ¢’ + 6;1n(¢’) = 6,1n(g), which is impossible since
g/ > 9]

To summarize, we have the solution given in Proposition 2. &
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10.2 Proof of Lemma 4

We first show that g; = 0. Since Vi (g) and Wi (g) are constant for g < g by Lemma 2, it

follows that for g < g7, ang( 9D — 14 aL If g5 > 6, then f.(0.) > fr(g;), contradicting
that g7 € argmax fr(g). Hence gL < HL
By Lemma 3, V}(g9) = —1= 5p + (19—§p and by Lemma 2, W} (g) = 0 for g € [g}, 9%

Substituting these in f7(g), we get
frg) = =1+ % 4 6pVi(g) = 125, (=1 + %),

If g < 0, then fr(¢*) < fr(g) for any g € (g;, min{0z,g};}), contradicting that g; €
arg max fr,(g). Hence, g5 > 6.

Since g7 < 01, and g7 > 0y, it follows that g7 = 0;.

We next show that ¢}, = M@ . If g € (g95,95), then V/(g) = 0 by Lemma 2 and
Wi(g) = m by Lemma 1, and therefore

5—20p)0
Filg) = =1+ %+ 5(1 — p)Wy(g) = —1 + =2l (24)
If g3, > % then (24) implies that ff;(g) < 0 for g € (%,g}{), contradicting
(1+6—26p)0y

that gy € argmax fp(g). Hence gy < =5
If g € (g3,0n + 01), then as shown in (15), fy(g9) = Vi(g), and by (14)

1-5 9
Fu(9) = —a=strs=am T G-b (25)
If g3, < % then (25) implies that f},(g) > 0 for g € (g3, %), contradicting
that g;; € argmax fy(g). Hence g}, > %
Since gj; < w and gj; > % it follows that gj; = %. i

10.3 Proof of Lemma 5

Under (G3), for i € {H, L}, W;(g) = Ki(g) for g > 0y + 0. By Lemma 1, W;(g) = K;(g9) =
9 -
25 In(9) + 55 Vilg). |
Consider any g > 6y + 0, such that o/ (g, (0g + 0,2y, zr)) = 1 with x; = 1 — 0 — 0y,
z; = 0. Under (G3), v'(g9) = 0y + 6, and therefore

Vi(g) = xi(g) + 0; (0 + 61) + 8[pVi(0n + 61) + (1 — p)Wi(0u + 01)). (26)
After substituting for W;(0y + 01,), we have
Vilg) = Xi(g) + 25220, In(0y + 0p) + S 2DV (0 + 0,). (27)

Since the responder’s acceptance constraint is binding at g, we get

Xj(9) = K;(9) — 125 n(0m + 01) — 70 +0r) (28)
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where

K;(g) = 2= In(g) + 252V(g). (29)

Substituting x}(9) = 1 — x%(9) — 0L — 0u, Vi(g) = Ciln(g) + D;, V;(9) = C;In(g) + D;
and matching the coefficients, we get (16) and (17). ®

10.4 Proof of Proposition 3

We proceed by first conjecturing an equilibrium strategy-payoff pair and then verifying that
it satisfies guesses (G1)-(G3), equilibrium conditions (E1)-(E3), and our assumption on o’
that all proposals made on the equilibrium path are satisfied.

We conjecture an equilibrium strategy-payoff pair such that for any 4,j € {H, L} with
J # 1, the acceptance strategy o'(g, z) satisfies (E1), the proposal strategies are

g; for g < g7,
Y'(9) =149 for gf < g <0y +0y,
Og +0r for 0y +0r <g,

. 0 for g < 0y + 0y,
(9) =

X 0,(1—6p)—0:5(1—p)
](1—(5)?1+5—2(5p)p In(5-%45-) for 0y +0r <y,

Og—+0r

and xi(g9) = 1—=9"(9) — x}(g), where gj = 0L, and g}; = %, and the associated payoff

functions are

Vi for g < g7,
=5l —g+00In(g) + (1 —p)W;]  for gj < g < gj,
Velg) =\ "(onag o i
Traopics T 15 n(9) for gy < g < 0u + 01,
Crln(g) + Dy, for 0y + 0 < g,
o= {1
250 (g) +6(1 = p)Vi(g)]  for gy <y,
Vi for g < gy,
Vir(9) = { sttty + 5 1n(g),  for gj; < g < 0 + 00,
CHln(g)+DH for 9H+9L §g,

Wi for g < g7,
[0 In(g) + 61— p)Val(g)]  for gj < g,

Wh(g) = {
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where

_ —(1-4p)0;+5(1—p)b;

Ci = (1—5)(1]+672511:) (30)
_ (1=6p)(1—0,—6+(0m+6L) In(0+61))

D; = - L(1f§§(1+<15{—25;) —, (31)

and
% §(1— * 0 *
Wi = %(1 — 9n) + 15 In(gn), (
(
(

x _  (1-0p)(1—g3) 0 *
Vi = (1+5725p)(135) + 125 In(g3),

Wi = =5, [0 In(g7) + 6(1 — p) V).

This conjecture clearly satisfies (G2) and (G3). (Note that by substituting W; in (8), we

can verify that W;(g) = K;(g) for ¢ > ¢;.) So we only need to verify that (G1) is satisfied;

in particular, that ¢gF € arg max f;(g) where f;(g) = 1—g+0;In(g) +0[pVi(g) + (1 —p)W;(g)]-

Since V; and W; are continuous under our conjecture of the equilibrium strategy-payoft
pair, f; is continuous. It is also piecewise differentiable. Specifically,

( 0 i}
-1+ for g < g3,
_5 0 N
fi(9) = _(175)21+§72§p) + (17%)9 for g € (93,0m +01),
14+5—25p 0 §(p+5—26p) C
|1+ T+ T forg > 0+ 01,
(—1+97H for g < g7,
14+5—25p 0 .
fulg) = —L SR for g € (91, 91),
I - i + o for g € (g}, 0 +01)
(1=5)(1+6—26p) " (1-d)g 9 < \9u,VH L)
146-26p 0 8(p+6—28p) C
-1+ +1_5pp7H+ (pl_ép p)TH for g > 0y + 0r.

Claim 1. Under our conjecture of the equilibrium strategy-payoff pair, gF € argmax f;(g) for
alli € {H,L}.

Proof: Consider i = L first. Given f, described above, f;(g) > 0if g < g5, f1(g9) =0 if
9 =91, and fi(g) <0if g € (g7, 9h)-

Since f7(g) is decreasing for g € (g};,0n + 01), and at g = g}, —(176)%;3?7251)) + (1%)9 =
1-ép

0,(1-5 : .
— = ars=20p) T (1_5)(L1(+5_§§p)0H < 0, it follows that f7(g) < 0 for g € (g};,0u + 01).

If (H‘S_?ép)aﬁt‘gg’w_%p)@ <0, then f;(g9) < 0forg > 0y+0,. If (H&_%pwﬁt(;;ﬁé_%p)% >

0, then f}(g) is decreasing in g for 0y 40, < g. Since at g = Oy +0;, f1(g9) = (9;(};3)()51;:(355?)1%5) <
0, it follows that f;(g) <0 for g > 0y + 6.

To summarize, f;(g) > 0 for g < g5, fi(g9) =01if g = ¢}, f1(g) > 0 for g > g;, and
therefore g7 € argmax f7(g).

Now consider ¢ = H. Given fy described above, fy(g) > 0 for g < g3, fi(g) = 0 for

g = ¢3;- By a similar argument as for party L, fy(g) is decreasing for g > gj;. Therefore
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gy € argmax fy(g). W

Claim 1 shows that (G1) is satisfied. We next verify that conditions (E1)-(E3) in the
definition of equilibrium strategy-payoff pair are satisfied. Condition (E1) is satisfied by
construction.

The values V7', Wi, Vi and Wy satisty

Vi =1—ygp+0.In(gr) +8[pVe + (1 = p)Wi],

Wi =0.In(gy) +6[(1 = p)VL + pW],

Vi =1 =gy +0uIn(gy) + 0[pVy + (1 — p)Wa(gp)],
Wi = 6 In(g}) + 6[(1 — p) Vi + pWi.

These together with Lemmas 2, 3 and 5 show that (E3) is satisfied, i.e., these payoff
functions are consistent with the strategy profile.

The remainder of this section shows that (E2) is satisfied. The next claim establishes
that K;(g) is increasing in g, which is useful later in the proof.

Claim 2. Under our conjecture of the equilibrium strategy-payoff pair, K;(g) is strictly in-
creasing in g for alli € {H,L}.

Proof: Suppose g < gj. Then K;(g) = 0;In(g) + d[(1 — p)V;* + pW;] and therefore K;(g)
is increasing in g.

Suppose g € [g5,95]- Then Kp(g) = 0.In(g) + 0[(1 — p)VL(g) + pW}] where Vi (g) =
1%@[1 —g+0rIn(g) + (1 —p)Wj]. Hence,

_ 5(1—
Kj(g) = B2l — X0, (36)

Since g—fl > %1_—_5?, we have K} (g) > 0.

Also, since Ky (g) = 0y In(g) +0(1 — p)V}i + 5p[10_—f(§p In(g) + 6(1 — p)V}], it follows that
K (g) is increasing in g.

Suppose g € (g5, 00 + 61]. Then K;(g) = lf%p In(g) + ‘Sﬁ—;g)vi(g). Substituting for V;(g)

and taking the derivative, we get
_ 1 —d(1-p) 0;
Ki(9) = = [1+5_2§p + ;} :
69;5?, it follows that K/(g) > 0 for g € [g};, 0 + 0]

Suppose g > 0y + 0. Then again K;(g) = 12—%}) In(g) + ﬁ{—;?vi(g). Substituting for V;(g)

Since g—L >
H

and taking the derivative, we get

_ b 0(—p)C; __ 0:i(1-6p)—0;6(1—p)
Ki(g) = =omg 1752 O T -00ro-20m)g

where j € {H, L}, j # i.

For i = H, 0y(1 — 0p) — 0,6(1 — p) > 0 and therefore K},(g) > 0. For ¢ = L, since
Z_IZ < (1=9p)/(6(1—p)) in the low-polarization case, it follows that 01 (1—dp) —0xd(1—p) > 0
and therefore K7 (g) > 0. 1
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The claim immediately implies that the responder accepts any proposal with a ¢’ higher
than the status quo ¢g and if the responder accepts a proposal with ¢’ lower than the status
quo, then the responder must receives a positive transfer. Formally,

Corollary 1. Consider 2/ = (¢',2y,2,) € B. For any i € {H,L}, (i) if ¢ > g, then
a'(g,2') =1; (i) if ¢ < g and o'(g,2") =1, then 2} > 0.

For notational convenience, let UF(z) = z; 4+ 6;1n(g) + d[pVi(g) + (1 — p)W;(g)] and
UR(2) = z; + 6;In(g) + 6[(1 — p)Vi(g) + pWi(g)]. That is, UF(2) (UF(z)) denotes party i’s
payoff when the implemented budget is z in the current period and party i is the proposer
(responder). The next claim establishes that all proposals made in equilibrium are accepted
by the responder.

Claim 3. Under our conjecture of the equilibrium strategy-payoff pair, o’ (g, 7 (g)) = 1 for
all g and all i,j € {H,L}, j #1.

Proof: Consider j = H first.

It g < g;, then Ui(n*(g)) = 0n In(g7) +0[(1 —p)Vi; +pW§] = Kp(g) = 0n In(g) +0[(1 -
p)Vi + pW3] and therefore off (g, 71 (g)) = 1.

If g € [g;,05+07], then v (g) = g and x%(g) = 0, which implies that U (7" (g)) = Kx(g)
and therefore o (g, 7%(g)) = 1.

If g > 0 +0r, then v2(g) = O +0r and x5 (g) = KH( V=0 In(0g+0L)—S[pVy (0u+0L)+
(1—p)Wx (05 +07)], which implies that UZ(7L(g)) = Ky(g) and therefore o (g, 71 (g)) = 1.

Now consider j = L.

If g < gy, then Ui (7" (g)) = 0 In(gj;) + 0[(1 = p)Vi(gs) + pWi(gpy)]- Since K7 (g) > 0
by Claim 2 and UE (7" (g)) = Kr(g}), it follows that UR (7" (g)) > Kp(g) and therefore
a(g,7"(g)) = 1 for g < g

If g > g%, then an argument similar to the case of j = H shows that UZ(7(g)) = K1(9)
and therefore a”(g, 7% (g)) = 1.

We next show that the proposer has no profitable one-shot deviation. Consider the
following three cases for party L.

e g < g;: Since g; = argmax f1(g), party L has no incentive to deviate from proposing
v"(9) = g1 and x7(g) = 0.

e gi < g < 0y + 0 We first show that proposing 7%(g) is better than proposing
(g, 2g,2r) with ¢ > g and then show that it is better than proposing (g, 2y, 2y ) with
g<g-

— g > ¢: Consider 2 = (§,0,1 — g). Then UF(2) = f1(g). As shown in the proof
of Claim 1, fr(g) is decreasing in g for g > g;. Since 7%(g) = (g,0,1 — g), this
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implies that UL (7%(g)) > UF(2) for any § > g > g;. Since party L’s payoff is
decreasing in g, UF(2) > UP((9,2m,41)) for any (¢, 2x,21) € B, it follows that
Ul (rl(9)) > UL((9, 2, 21)) for any g > g > g;. Also, since af (g, 7%(g)) = 1
by Claim 3, and U (w%(g)) is higher than UF((g,0,0)), the status quo payoff, it
follows that proposing 7l(g) is better than proposing any (g,4g,4) € B with
9>9

— g < g: If g < g, then by Corollary 1, o (g, (g, 2y, 2)) = 1 only if 25 > 0. Since
party L’s payoff is strictly decreasing in xy, we only need to consider proposals
such that the responder’s acceptance constraint (7) is binding. Using (7),

T = Ku(g) = 0un(g) = 0[(1 — p)Vu(9) + pWu(9)]. (37)

Consider z = (g, 2y, &) such that (37) holds. Substituting for Zy from (37) and

taking the derivative, we get

e = — L e 1 6(1 = p)VA(9) + pWh(9)] + OV (@) + (1 = p)WE(9)]

(38)

Ug,

Forg<gL,a—:—1+%>O.

For g < § < gir, G = ~L+ 5 s B (1) = (-1t >
0.
* ~ 8U 0—24 N
For gy < § < g <0 +01, - = -1+ = (;MQL T (pia;f DVEG) + 1 =Tk i T
TSRV (9) = (1 4ttty > 0.

So UP(2) is increasing in § for § < g, and therefore the proposer has no incentive
to make any proposal with g < g.

e g > 0y + 0y Consider 2 = (§,0,1 — g) with ¢ > ¢g. By Corollary 1, afl(g,2) = 1.
Since UF(2) = f1(g) and fr(g) is decreasing in g, it follows that U ((g,0,1 — g)) >
Uz ((9.0,1-9)if g = g.

Now consider 2 = (§,2p,4r) such that § < g and aff(g,2) = 1. By Corollary 1,
Ty > 01if § > g. Again we only need to consider proposals such that the respon-

der’s acceptance constraint is binding. As before, we obtain (38). Substituting for
Vi(9), Wi(9), Vi (9), Wi (g), we get

oup _ 14+6-20p 0y, | 6(p+5—20p) CL 1 0y 4 0(1-p)Cy
a9 —1+ T1-6p g+ 1-0p + 15pg+15pg
— _1 + QH;GL‘

Since v5(g) = 0y + 0z, it follows that U (7l (g)) > UF(2) for any 2 =
that § < g and af’(g,2) = 1. Combined with UF((g,0,1 — g)) > UF
g > g, m(g) is optimal for party L to propose.

(g, j:H, a:L) such
(9,

( 9)) if

Party H also has no incentive to deviate. We omit the details of the proof because the
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argument is similar to that for party L. &

10.5 Proof of Proposition 4

To prove Proposition 4, we first establish some properties of an equilibrium strategy-payoff
pair that satisfies (G1')-(G4’) in the high-polarization case.

10.5.1 Properties of an equilibrium strategy-payoff pair that satisfies (G1')-
(G4') in the high-polarization case

Suppose o = ((7f, o), (7L, al)) and (Vi, Wy, Vy, W1) is an equilibrium strategy-payoff

pair that satisfies (G1)-(G4’). In what follows, we establish several properties of o and
(VH7 WH7 VL, WL)

Recall that V;* = max, f;(g) is proposer i’s highest payoff without the responder’s con-
straint (7). As in the low-polarization case, we denote Wi (g3;) by W} and Wx(g;) by W.

Lemma 6. Under (G1') and (G2), if g < g}, then V() = V', x£(9) = 1— g}, x5(g9) =0,
and Wi (g) = Wy, Under (G3), if g < g, org > gy, then Vu(g) = Vi, xii(9) = 1 - gi,
xH(g) =0, and Wi(g) = W;.

We omit the proof since it is similar to that of Lemma 2.

Lemma 7. Under (GI')-(G3), (i) if g € [97,9,,], then VL(g) = 1+5p[1 —g+0rIn(g)+ (1 —
PIW3), (i) if g € lg,), 01 + Oz, then

Vi(9) = Tt + 5 In(g), (39)
and (iii) if g € [0y + 01, g}, then
Vir(9) = gy + 125 In(g). (40)

We omit the proof since it is similar to that of Lemma 3.

Lemma 8. Under (G1')-(G?), ¢; = 01, and g}y = =220,

1-ép
Proof: We omit the proof for g; since it is the same as that of Lemma 4.
Now consider gj;. If ¢ > gJ;, then V},(g) = 0 by Lemma 6 and W/, (g) = (I_G—f;p)g by Lemma
1, and therefore

6—20
Fiulg) = =142 4 5(1 = pWi(g) = —1 + H=5rln, (41)

If g, < %, then (41) implies that fy;(g) > 0 for g € (g7, %), contradicting
that g}, € argmax fy(g). Hence g}, > A0-20p)0n ¢ g ¢ Oy + 01, 93), then by (G3),

fu(g) = Vu(g), and by (40) o

_ 1-6 0
f;{(9> = _(1—5)(1+§—25p) + (1—%)9‘ (42>
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If gp; > SR80 then (42) implies that f5(g) < 0 for g e (L0200 gy contradicting

1—0p -op
that g € argmax fy(g). Hence g3 < —(1+51_25?)0H'

(146—26p)0 (146—26p)0
1-4p

(14+6—26p)0 gy [
1-dp '

, it follows that ¢}, = T—op

Since gj; < and gj; >

Recall that we guess in (G4') that V; is piecewise linear in g and In(g) if v*(g) = 05 + 0r.
Specifically, suppose that for g € [0y 401, 93], Vi.(g) takes the form Vi, (g) = Brg+C} In(g)+
Dj; for g > g} such that v.(g) = 0u +0y1, Vi.(g) takes the form Vi (g) = B?g+C3 In(g)+ D3;
for g € [gu, 0 + 01), Vi (g) takes the form Vy(g) = Bhg+ CkIn(g) + Dj.

Lemma 9. Under (GI')-(Gf), B} = 2Ap00) g ¢F = — Ui for i, j € {H, L} with

(1—0)(1+9—26p)
j#1, and B2 =0, C? = 1‘9_’:’519.

Proof: Similar to the proof of Lemma 5, we can write

Vilg) = Xi(g) + =220, In(0y + 0,,) + 2E220 9, 46,),

1-4p 1-dp

where

Xi(9) = Ki(9) — 125 (0n + 01) — 252V (04 + 01),

9;
K;(9) = =5, ln(g) + 11_5?‘/]'(9)-

If g€ [0y +0L,95], then Vg(g) = % + 2 In(g) by Lemma 7. Substituting in
Ky (g), we get

_ _d(-p(-g) 0
Ku(g) = m + 12 In(g).

Substituting in V7 (g) and matching coefficients, we get B = (1—53§((11+25p) and C} = —fTH&.
A similar argument shows that B}, = % and Cf = — L.

To find B? and C%, note that if g > g}, then by Lemma 6, Vy(g) = V. By Lemma 1,

Ky(g) = 19_—%}7 In(g) + 6?_;? V. Matching coefficients gives B? = 0 and C7 = —le_—fgp. n

We next find the thresholds g, and gy that are consistent with (G1')-(G4'). Recall that

Lemma 10. Under (G1')-(G}'), the threshold g, € (0,0m + 0r) is given by g, = ¢ where
Y = min{g % + 2 In(g)
—__ 6(0-p) + 1 |p, —U=plg In(67%,)
T {@=%)(1+0—26p) ' 1-dp |’L -5 VH H

+ 2 [0+ 00) (O + 61) — 1] + 24203 ] ) (43)

Proof: By (G3') (ii) and (iv), the threshold g, satisfies
01 In(gy) +0[(1 = p)Vi(gy) +pWilgn)l = Wiig,,) = Kr(g,,)- (44)
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By(G3')(ii), Wr(g};) = Kr(g};). Hence by Lemma 1, we can rewrite the left-hand side of
the above equation as

2 In(gy) + 252V (g5)- (45)

By (G1'), g3; > 05 + 0. Hence v*(g};) = 0 + 01, by (G2'). So Vi.(g};) can be written as
Vi(gi) = xE(gir) + 5220, (0 + 6,) + 220V, (6 4 9,),
where x7(g5) = 1= x#(95) =7 (gH) = 1= xy(95) — 0 — 01, and

X1(g5r) :KH(g}}) — 20y + 01) — 22 Vi (0n + 61),

Ku(g) =175, In(gy) + 651 55 Vi (gh)-
By Lemma 7,
ViOu+0L) = —(t 5p§8+252_(;z,§) + s In(f + 01),
5p)(1—05—06
VH<(9H + QL) = % + % 111((9]{ + QL),

«y _ _(=6p)(1—gj) 9 *
Valgn) = aosareasy T 15 09m)-

Substituting in all expressions, (45) becomes
5(1—p) 5(1—p) *
(1*5)(1+§725p) + 1716;) [QL — S5 0| In(gy;)
s
R O + 000 + 6.) — 1] + £5 i
By (G3')(ii) and Lemma 1, we can write Kz(g,,) as

Ki(g,) = 1% In(g,) + 52Vi(g,,)-

By Lemma 7 this becomes

_ 0 5(1—p)
KL(QH) - 1_—L6 ln(gH) + (1—5)(1+§—25p)(1 - QH)

Hence g, is given by

6 5(1-p) _
i51n(g,,) + (1—5)(1+§—2(5p)<1 —9y) =

5(1—p) 1 5(1—p) x
(1*5)(1+§725p) + 15 [QL - 75 O | In(gy)
5(1 1 "
R (gp)(ll) ) [(QH +0)In(0y +61) — 1] + —1+(5 ggng . (46)
The above condition gives at most two values for g ,; since the left-hand side is strictly
concave in . We show below only one solution is lower than 6y + 0, and hence is a
I y

candidate for g, by (G3'). We show that at 0y + 6y, the left-hand side is strictly greater
than the right-hand side of (46). Substituting 9y = Oy + 01 the condition simplifies to

1-6)—0g55(1 52 (1—
((1 Bsp)(lf Es = In(0n +0L) + (175)(1+5372€SL) 1—6p) (O +0.) >

(1 6) 0 (5(1 ) 52(1_ )2
(1— 6p)(f 9)) = In(gy) + (1—5)(14-5—21(75]))(1—6]7) (95)- (47)
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The left-hand side and right-hand side are the same function, h(g) = QL(tl__‘szs;)e(’ffgl)_p L n(g)+
§2(1-p)?

=i —aspi=op evaluated at 0y + 0, and g}, respectively. It is straightforward to show
h'(g) < 0. Since Oy + 01, < gy, it follows (47) is true. Given (47) is true, the value that
satisfies (46) such that g 5 < 0u + 0 must be the minimum of the two solutions. §

Lemma 11. Under (G1')-(G}'), the threshold gy € (0,0 + 01) is given by

§(1—p)(1—gr) 0 -\ s(-p)(1-6.—6y) | 6
(1—5)f1+5—g21t{5p) + 155 In(gn) = (1—?)(1+5i255 + 155 In(0y + 61). (48)

Proof: By (G3') (ii) and (iv), the threshold gy satisfies

By Lemma 7, Vi(g9) = % + 2 1n(g) for g € [gu, 0 + 01]. Substituting this in

(49) and using Lemma 1, we get (48). B

10.5.2 Derivation of condition (xx)

Note that o (g, (0y + 0, 25, 21)) =1 with 2y =1 -0, — 0y, v =0 for all g > 0y + 0, is
satisfied if
1— (QH + @L) + 9H 111(8]{ + QL) + 5[(1 - p)VH<8H + GL) —i—pWH(@H + QL)] Z KH(g)
Substituting for Ky (g) and Wg(g) using Lemma 1 and substituting for Vi (g) = V}; for
g > gy using Lemma 6, the inequality becomes
L= (0 +01) + 2= (0 + 01) + 252V (04 + 01) > {22 In(g) + 252V, (50)
Note that the right-hand side of (50) is increasing in g, implying that if the inequality holds

for g = 1, then it holds for all g > 0y + 6. Substituting for Vg (0y + 01) and Vi (g};) using
Lemma 7 and letting g = 1, we can rewrite inequality (50) to be

0(1—p)(Og+0r—07% §(1—p)o *
L— (O +01) + 25 In(0y + 0,) > UDCaEth) | S0Pl ;). (%)

10.5.3 Proof of Proposition 4

We proceed by first conjecturing an equilibrium strategy-payoff pair and then verifying that
it satisfies guesses (G1')-(G4’), equilibrium conditions (E1)-(E3), and our assumption on o’
that all proposals made on the equilibrium path are satisfied.

We conjecture an equilibrium strategy-payoff pair such that for any 4,5 € {H, L} with
jJ # i, the acceptance strategy a'(g, z) satisfies (E1), the proposal strategies are

*

gr for g < g7,
Y9 =1 g for g5 < g <6y +0y,
9H+9L fOI"QH—i-QLSg,
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L () 0 for g < 0y + 0,
Xg\g) =
Ky(9) —0uIn(0ny +01) —6[(1 — p)Vu(0u +61) + oWy (0 +61)]  for 0y + 0, < g,
9 €0 +0r,9y] forg, <g<gn,
71(9) = 4 0u + 0, for g < g < 0 + 61,
g for Oy + 01, < g < g3,
(JHr for gy < g,
0 for g < gy,
X1 (9) = Kr(g) — 0. (0n + 0) — 6[(1 — p)Ve (O + 01) + pWi(0n +01)]  for g € [Gu, 0 + 01],
0 for g > 0y + 6y,
and xi(g) =1—~'(g) — X;(g), where g5 = 0z, gty = %, g,, satisfies (43), gy satisfies
(49), ¢ satisfies
Orn(g") +6[(1 —p)Vi(g) +pWi(9)] = K1(9), (51)
and the associated payoff functions are
\G for g < g;,
5 (1 =g+ 0 In(g) +0(1 —p)Wy) forg; <g<g,,
Vi(g) = %—%%IH(Q) for g, < g <6u+0L
Big+ Cllin(g) + D for 0 + 0, < g < g%,
(CiIn(g) + D for g3y < g,
Wi for g < g, and g > gy,
WL(g)I{;[el 5(1—p)Vilg)] forg, <g<g}
5500 In(g) +6(1 —p)Vi(g)] for g, <g< gy,
(V}*I for g <g,,
_ _~H -
PGl + 5 In(y"(g))  for g, < g < gn,
Vir(9) = § Bhg+ C1n(g) + D for gy < g < 0y + 0,
s _ N
TS + 5 In(g) for 0 + 01, < g < g,
Vi for g7 < g,
W} for g < g7,
Wh(g) = 1H . -
5 [0nIn(g) +0(1 = p)Vi(g)] for g7 < g,
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1_ d(1—p) 1 _ 1 _ 1-6 (Og+01)[In(0401) 2 0
where B} = q—1755570 Ci = —%, D] G T vt S T -l ¢z ¥

and
W = (1+5i'( 215;21—5)(1 — 9n) + fTL& In(g5), (52)
Vi = 251 — 0 + 6, n(6.) + 6(1 — p) W7, (53)
(54)
(55)

« _ _(1-6p)(1—gF) 9 *
Vi = a5oaopiey + 125 n(9nm),

Wi = =5, [0n In(g7) + 6(1 — p) V).
We next verify that this conjecture satisfies (G1')-(G4’).
For (G1'), since g; = 0, and g}; = %, clearly g7 < 0y + 01, < gj; in the high-
polarization case, and it only remains to show that ¢gF € argmax f;(¢g). In Claim 4 below,
we show that (i) ¢}, € argmax fr(g), and (ii) g} € argmax f;(g) when ¥ > 07, where © is
defined in (43).
Since V; and W; are continuous under our conjecture of the equilibrium strategy-payoft
pair, f; is continuous. It is also piecewise differentiable. Specifically,

(—1—|—9—L for g < g7,
=5 1+9L] for g € (97, 9,,);
1(9) =\ ~ Tt + 15 for g € (g,,,0n + 1),
—1 4 =2 (ifp br 4 —(pTédiép)(BL + %) for g € (O + 01,93,
1+1+1§—5§;®9L—|——(p?5§5p)%% for g > g7,
(—1+9—H for g < g7,
-1+ 1+15 5?95’99; for g € (gz,gH),
1(9) = 1+1+16+106p6§’ + 2 (i 6>§1+5§ T ) T for g € (957, 9).
—1 4 Ltbdedy | Setbod) gy o Oy for g € (Gar, On + 1),
— o+ il for g € (0 + 01, g3r),
14 1+15 g;sp 9;, for g > g3,.

Claim 4. Under our congjecture of the equilibrium strategqy-payoff pair, (i) g3 € argmax fr(g),
and (ii) if ¢ > 05, then g; € argmax f1(g).

Proof: Consider part (i) first.
e g <g;: fi(g)is decreasing in g. At g5 =0r, f1;(g}) > 0, hence for g < g7, fr;(g) > 0.

® g€ (91,9,): fu(g)is decreasing in g. Since g, < gj; and fi(g) = —1 + %, it follows
that fy(g) >0 for g € (97, 9,,)-
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® g€ (g,:9): We compare fr(g) in this range to fr(gy). First define the functions
1-—

n(x) = —l—%‘;%mln( ), and
_ 5(p+d6—26p) (1-9p)(1—y) 0
mly) = A2 [y o n(y))
By these definitions fx(g3) = n(gj;) + m(gy), and for g € (g,..9), ful(g) = n(g) +
m(y(g)). Further note that gf; = argmaxn(x), and g} = argmaxm(y), hence

*

n(gy) > n(g) for all g, and m(gly) > m(v%(g)) for all ¥(g), so fu(g}) is greater
than fr(g) for g € (g,,,9)-

0 d(1—p)—01,(1—5p)

e g€ (gu,05+01): f1;(g) strictly decreasing in g. Since [}, (0y+0r) =
0, f1;(g) > 0 everywhere in this interval.

(1-6)(140—26p)(0u+01)

e g€ (0y+05r,95): [y(g) strictly decreasing in g. Since —(1_5)é1_f§_25p) + (1_959;1 =0, it
follows that for g € (0 + 01, 93;), fr(g) >0

° g>gj: f}l(g):—1+%<().
To summarize, fy(g) is strictly increasing for g € (gu, g3;), and strictly decreasing for
g > gy hence g € argmax fp(g) for g > gy Further, we showed for g € (g,,, ),
fu(g) < fu(gy) and for g < g, fu(g) is increasing. Hence, by continuity of fr(g),
g3y € argmax fy(g) for all g.

Now consider Part (ii).

e g < g;: then f;(g) > 0.

® g€ (95,9,) fr(g) is strictly decreasing in g. Since f1(g) = 1= 5p[ 1+ eL], it follows
that f1(g) < 0for g € (g7,9,,)-

® g € (g,,0u+01): fr(g) is strictly decreasing in g. Since g, = 1) by Lemma 10, we

* — . (% 6—26 .
have 9y =02 07 . Since _(1—5)é1f§—25p) + (13%)9 =0if g = L(11+_—6;p), it follows that

fi(g) <0 forall g € (g,,0u +0r).

1+5 25p) §(p+6—20p)CL

0
s 1-ép

e g€ (0y+0r,9;): The monotonicity of f;(g) is determined by

If (1+61 %ip)eL + 6(p+(i ?SP)CL > 0, then f](g) is strictly decreasing in g. Since —1 +

§-25 0L 01 (1=5 : .
1+16 6?)61?4% 4 (PJlr 5 p) (B} + —) = %)((11+§) 265)((21142 7 <0 it g =0y +0y, it follows that

fi(g) <0 for g € Oy +06r,95). If Hél Q(Sip)h + Mpﬂi ?;sp % < 0, then f](g) is weakly

increasing in g. Since —1+ 150200 0u | SeH02) (g1 Chy — _q 4 0 Sttt
when ¢g = gj;, it follows that fL( ) <0forge (0y+0L,95).
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_ 2
e g > ¢;;: The monotonicity of f;(g) is determined by (1+61__25(;p)0L + 6(p+i_§ip)cL. If

(Hél_%ip)% + 6(p+(i ?p)CL > 0, then f7(g) is strictly decreasing in ¢g. Since —1 +
1+6—25p 0, + S(p+6—26p) C7 14+ e_L __ 4(pt+do—26p)
1-6p g 1-6p g (1- 5p)(1+5 26p)

fi(g) <0 for g > g3 If (Hi:%s[;p)h + (p+§ 2670 L < 0, then f](g) is weakly increasing

in g. In this case, f}(g) = —1+ (1+51_2£)p)9L I (p+ci §6p)

fi(g) <0 for g > gj;.

< 0 if g = g}, it follows that

L < 0 when g = 1 and therefore

To summarize, f1(g) is strictly increasing for g < ¢ and strictly decreasing for g > g7
and therefore g; € argmax fr(g). W

The conjectured equilibrium strategy-payoff pair clearly satisfies (G2')-(G4’) with the
exception of g7 < 9, < gy < 0y + 0. When ¢ > 0}, we have g] =0, < 0] <= 9y To
verify that g g <9gm < Oy + 01, we next establish some monotonicity properties of K.

Claim 5. Under our conjecture of the equilibrium strategy-payoff pair, K (g) is strictly
increasing for g € [0, 2LLH=20) OL(L13-20p) 4]

50 p) ) and strictly decreasing for g € ( 5=p)
Proof: Consider the following cases:
e g <g;: Then K1(g9) =0.1n(g) 4+ 0[(1 — p)V;* + pW}], which is increasing in g.
® g€lg;,9,]: Then
Ki(g) = 0, In(g) + 2521 — g+ 0. In(g) + 6(1 — p)W}) + 6pW7j,

Taking the derivative, we get

/ _ 146—26p6,  6(1—p)
KL(g) — 1-%p g 1—6p °

146— 25p0

and K7 (g) > 0 if and only if g < = S

e g€ [QH,QH +6]: Then
Kp(9) = 1% In(g) +
= 1% In(g) +

f )VL(Q)
%) [( (1=p)(1=g) fTLln@].

1-0)(1-+6—20p)
Taking the derivative, we get

Kiyl0) = %5 | sivam + %)
and K’ (g) > 0 if and only if g < 1;(‘1 25p«9L Note that since 0y + 6, > ”6 25}”8
the high-polarization case, K} (g) < 0 for g€ (1(;§_i‘§p6L, Ou +61).
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® gcC [(9H—|—(9L,gH] Then
Ki(g) = 1% In(g) + 252V, (9)
= 2 In(g) + 252(Blg + C} In(g) + Dj).

Taking the derivative, we get
1-6)0,—6(1—p)0 52(1-
K’ (g) _ a 1 [( )0L—6(1—p)0u (1-p)*

—op)(1-0) g T+6—20p |
which is increasing in g since (1 —9)0, — 6(1 — p)fy < 0 in the high-polarization case.
Straightforward calculation shows that K7 (g) < 0 for g = gj,. Hence, K (g) is strictly
decreasing for g € [0y + 01, 93]

® g > g5 Then

Kr(9) = 0rIn(g) +6[(1 = p)Vig) +pWi(9)] (56)
=01In(g) + 6(1 — p)(C% In(g) + D7) + 6pWj. (57)

Since g_f > (1 —4dp)/(6(1 — p)) in the high-polarization case, this implies that
K (g) = % — =80 < 0. (58)

Hence, K (g) is strictly increasing in g for g € [0, W) and strictly decreasing in g

GL(1+5—26P)’ 1. m

for g € (505

Recall that in our conjectured equilibrium strategy-payoff pair, g - satisfies K (g H) =

K (g3) and gy satisfies K (gry) = Kr(0g +60r). Since K7, is continuous, K,(g) = —oo when
g =0, and 9L1+—6p§6m < Oy + 01, < gj; in the high-polarization case, it follows from Claim
5 that there exist g, < gn < M < 0p + 0 < gj such that Kr(g,) = Kr(g5) and

Ki(gu) = Kp(0u + HL)

Corollary 2. There exist g, and gu where g, < g <

We next verify that (E1)-(E3) in the definition of equilibrium strategy-payoff pair are
satisfied. Condition (E1) is satisfied by construction.
The values Vi, W, Vi and W}, satisfy
Ve =1—gp+0.In(gr) +0[pVe + (1 —p)Wi],
Wi = 6, In(gjy) + [(1 — p)Vy + pWVil,
Vi =1—gp+05In(gy) +0[pVir + (1 = p)Wa(g)],
Wi =0 In(g7) +6[(1 — p)V + pWg].
These together with Lemmas 6, 7 and 9 show that (E3) is satisfied, that is, these payoff
functions are consistent with the strategy profile.

0, (1+5—25p)

Si=p) < O + 01, < gj; such that

The next claim establishes that all proposals made in equilibrium are accepted.
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Claim 6. Under our conjecture of the equilibrium strategy-payoff pair, o?(g,7(g)) = 1 for
all g and all i,j € {H,L}, j #1i.

Proof: We omit the proof for j = H since it is similar to that for Claim 3.

Now consider j = L.

If g < g7, then Ui (" (g)) = 0, In(gy;) + 5[(1—19)‘/5‘ +pWil = Ki(g) = 01 In(gu) +0[(1—
p)V; + pW;] and therefore ol (g, 7 (g)) =

It g € [97,9,] then Ufi(z"(g)) = 9L1n(97{) +0[(1 = p)Vi + pWy| = Ki(gjy)- Since
Kr(g,) = Kr(gy) and Ky, is increasing in g on [g7, g] by Claim 5, it follows that UR(rH(g)) >
K1(g) and therefore o’ (g, 77 (g)) = 1 for g € (g7, g,

It g € [g,,, g5), then Uf'(7"(g)) = K1(g) and a*(g,7"(g)) = 1.

If g € [g};, 1], then Uf (7" (g)) = 0, In(g},) + [(1 — p)Vi + pW;] = K1(g})- Since K1(g)
is decreasing in g on [g};, 1] by Claim 5, it follows that it follows that U (7 (g)) > K1(9g)
and therefore o’ (g, 7" (g)) = 1 for g € [g};,1]. N

The remainder of the proof shows that (E2) is satisfied. The next claim establishes that
Kp(g) is increasing, which is useful later in the proof.

Claim 7. Under our conjecture of the equilibrium strategy-payoff pair, if v > 07, then Ky(g)
18 strictly increasing.

Proof:

e g < g;: Then Ky(g) = 0gln(g) + 0[(1 — p)Vj; + pW};| and therefore it is strictly
increasing.

e g €979, Then Ky(g) = 0un(g) + 6(1 — p)Vii + 1%[0n In(g) + 6(1 — p)Vy] and
therefore it is strictly increasing.

o g€lg, gul Then Ky(g) = {25 n(g)+ 2452 Vir(g), and Ky (g) = s+
The function Vg (g) is

7(9).

5 _~H
Vir(9) = (BT + 25 (v (9)),
and v (g) is given by (51), which implies
5(1— 51
(7 (9)) + 22 | 5™ (9) — 25 (7" (9) + D}

__b 0(1-p) | _(1-ép)(1—g) 9
=125 In(g) + 5= [(175)(&57295;;) + 1_551“(9)] : (59)

Rearranging (59) gives

Hpow s s1-p)(i-g) _ _&(1-p)*"(9)
In(y"(g)) = [eL(l—cs)—ef;a(l—p)] (0 (9) + 752 — Gomitozmm

- 520D ),

1-6p
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Substituting In(y#(g)) into Vz(g) and taking the derivative, we have

V! ( ) _ 001 (1-6p) _ 0 6(1—p)(1—3p)
H (1-0)[0L(1-6)—016(1-p)lg  (1-0)[0L(1-6)—06(1—p)](1+0—24p)
_ () Or,(1—6p)—0md(1—p)

dg  (1+6—20p)[0r(1-0)—0mo(1-p)]’
and K7 (g) = A(g) + B(g) where

_ _ 0 0r(1—p) 0 5(1-p)
Alg) = ity + oSy |2 - 2538

_ 5(1=p)[6L (1=6p) =05 3(1=p)] __ dy*(g)
B(9) = — T @rs—sop s (=0 - s(i=p] a5

Consider A(g) first. The coefficient on 1/g can be either positive or negative.

Suppose first the coefficient on 1/g is positive. Then A(g) is strictly decreasing in g
and is minimized at g = gy. By Corollary 2, gy < [0.(1 + d — 20p)]/[6(1 — p)]. Since
A(g) = 0nd(1 —p)/10L(1 = dp)(1+ 6 — 26p)] > 0 when g = [0 (1 + 3 — 20p)]/[6(1 — p)],
it follows that A(g) > 0 for g € [g,,, gu] in this case.

Now suppose the coefficient on 1/g is negative, then A(g) is strictly increasing in
g and is minimized at ¢ = g,. We have g, = ¢ > 0;. When g = 07, A(g) =
Op[0no(1 —p) —O0L(1—0p)]/[0L(14 0 —20p)[0xd(1 — p) — O,(1 — §)]], which is strictly
positive in the high-polarization case. It follows that A(g) > 0 for g € [g 0 gl

Now consider B(g). Since v (g) satisfies (59), by the implicit function theorem,

g _ Y (9)(1-0p)[91 (1+6—28p)—gd(1—p)] (60)
dg 9[(1+6—26p) (01, (1—8) 06 (1—p))+~vH (9)02(1-p)?]*

At v (g) = g} the denominator of dy”(g)/dg is negative. Since the denominator is

increasing in v (g) and v#(g) < g}, the denominator is negative. Since ¢ < gy <
[0.(1+ 6 — 26p)]/[6(1 — p)], the numerator is positive, and therefore dy”(g)/dg < 0.
Since this is the high-polarization case and dvy(g)/dg < 0, it follows that B(g) > 0.

To summarize, Ky (g) = A(g) + B(g) > 0 for g € [g,,, Gn]-

9 € [gu,0u +0r): Then Ky(g) = ﬁ—’gp In(g) + %i—;?VH(g). Substituting for Vi (g) and

taking the derivative, we get

1-8)0—3(1-p)0r | 6(1—
Ky(g) = : (1)_(;,))(1(_5)109) =+ f_(si)B}q. (61)

If (1 —6)0y —6(1 —p)fr > 0, then, K} (g) > 0 since By, > 0.
If (1-6)0r—36(1—p)0r, <0, then K7;(g) is increasing in g. We have g > g, = ¢ > 0].

05(1—6p)—0,5(1—p) .
(11{—5}7)(11—‘,-5525;))91; > 0, and therefore Ky(g) is

Plugging g = 67 in (61), we get K (g9) =
strictly increasing for g € [gm, 0 + 0]

g € [0y +0r,95]: Then Ky(g) = ﬁ—’gp In(g) + 651:5? Vi (g). Substituting for Vi (g) and

taking the derivative, we get

_ 6 d(1-p)
Ku(9) = @iy — oo
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which is strictly higher than 0 for g < gj;.
e g > g5 Then Kg(g) = le_—fgp In(g) + 551_—_(5?\/;}, which is clearly strictly increasing in g.
Hence, Ky (g) is strictly increasing. B

We next show that the proposer has no profitable one-shot deviation. We omit the proof
for party L since it is similar to that in the proof of Proposition 3.

Recall that U (z) denotes party H’s payoff when the implemented budget is z in the
current period and party H is the proposer. We next establish monotonicity properties of
U}/ (2), which is useful for later part of the proof.

For any status quo g, consider proposals 2z’ = (¢, 2,2’ ) such that the responder’s
acceptance constraint (7) is binding. That is,

vy = Ki(g) — 00 n(g") = 6[(1 = p)V(g') + pWi(g')] = Ki(g) — Ki(g'). (62)
Substituting in the proposer’s payoft function, we get
Up(2) =1—g — a7, +0xn(g") + 3[pVu(y) + (1 = p)Wa(g)] = (63)

%?=—1+&¢@+vur—>w<ﬁ+pwu'n+ﬂm%<v+<r—>w%@w (64)

UP
Substituting for V}, WV}, Wy, we get closed-form solution for 2 f’ except When g €

(9> Gr)- Specifically, if ¢ < g7, then T = BHg;@L —1>0;if ¢ € (g;,9,), then —, =
LS (0wt 1) > 05 i ¢ € (Gu, 0y + Or), then ;=1?$Wﬁ”—w>0ﬁ
g € (0u +9L,g;;) then 94 = Ao (%at0n 1) < 0;if ¢’ > g, Vg =ttt ] <,
Note that 2 = f1.(g )+K'L(g’). Also, if ¢ € (g, Gmr), then dg,g/) = Kg(ﬁﬁfg(;’))' Hence,
for ¢' € (gH,gH),
ouk §—28
gt = L+ FE 4 K (g)C(d) (65)
where
_ 5(p+5—26p)[—(1—6p)vH (¢")+(1+6—25p)0 x|
Clg) =1+ (50,50 Pal(1+5-259) 1T G (1P (66)

Straightforward calculation shows that C(¢’) > 0 in the high-polarization case where Z—IZ >
51 5” . Since K (g") > 0 for ¢ < g by Claim 5 and Corollary 2, it follows that 8UH > 0 for
g € (g 0 GH)-

To show that proposer H has no profitable one-shot deviation, consider the following
cases.
"(g) = gy and x7 (9) = 0.
Since g}; € argmax fy(g), party H has no incentive to deviate from proposing v (g) =
g7 and x7 (9) = 0.

® g<g, orgz=gy: Inthis case, v
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e g, <9 <gu: In this case, vH(g) € [0n + 01, g};] and X3 (g) = 0.

We first show that proposing 7 (g) is better than proposing (g, 2z, 21) with § > v%(g)
and then show that it is better than proposing (g, #x,2r) with g < v7(g).

— g > v(g): Since v (g) > Oy + 0 > W by Claim 5, for § > 7(g),

a(g,(g,2m,21)) = 1 only if &7 > 0. Since party L’s payoff is strictly decreasing
in xy, we only need to consider proposals such that the responder’s acceptance
constraint (7) is binding.

Since U(2) is decreasing in g for g > v (g) > 05 + 01, as shown before, the
proposer has no incentive to make any proposal with § > ~v#(g).

— gn < g < 7(g): Consider 2 = (9,1 — §,0). Then U(2) = fy(g). As shown
in the proof of Claim 4, fy(g) is increasing in ¢ for gy < § < g¢gj;. Since
m(g) = (v"(9),1 — 7"(9),0) where v7(g) < g3, it follows that Uf(7"(g)) >
UL(2) for any g < 7vH(g) < g};. Since party H’s payoff is decreasing in xy,
UL(2) > UL((g,2m,21)) for any (§,45,%1) € B, it follows that UL (7 (g)) >
UL((g,2m,21)) for any g < v (g) < g};. Hence the proposer has no incentive to
deviate and make a proposal with gy < g < v%(g).

— g < g < gg. Consider 2 = (g,1 — 3,0). Then UL(2) = fu(g). Recall that for

* 6—26 ) 6—20 N ~
9> 9 fH(g)=1—9+M11f—5p2”)1n(g)+wV (9). Also, for g, < §<3g,

Vir(9) = Va(v7(9)). Hence, fu(v"(9))—fu(9) = =7 (9)+§+2 522 (In(+7(§))—
In(g) > 0 since g < y7(9) < 9*’(1;1—65]325”. Since v7(9) < v (g9) and fu(g) is
increasing in (0y + 0r,¢};) as shown in the proof of Claim 4, it follows that
fu(@) < fu(¥"(9)) < fu(y"(g)) and therefore Ug (7" (g)) > Uj(%) for any
g € lg,gn]. Hence proposing 7 (g) is better than proposing any (9, 2y,41) € B
with g < § < dp.

— g < g: By Corollary 2, g < gy < W Hence, for g < g, a*(g,(§,2m, 1)) =
1 only if 7 > 0 by Claim 5.
Consider 2 = (§,2x, %) such that (62) holds. Since UZ (%) is increasing in g
for g < g as shown before, the proposer has no incentive to deviate and make a
proposal with g < g.

o Jy < g <0y+0: In this case, Y (g) = 0y + 01, and x¥(g) > 0.

Let h(g) = max{¢’ € [0,1] : K(¢') = Ki(g9)} and {(g) = min{g’ € [0,1] : K.(¢') =

K1(9)}. By Claim 5, h(g) € [53=55202, 0 + 02] and I(g) € [gur, 15255201

— g > h(g): For 2 = (g,2y,21), Claim 5 implies that o*(g, (§,25,21)) = 1 only if
&7, > 0. Consider Z such that (62) holds. As shown before, U};(g) is increasing for
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g € [h(g),0m +01) and decreasing for § > 0y + 0, and therefore the proposer has
no incentive to deviate and make any proposal with § > h(g) and g # 0y + 0;.

— g € [l(g),h(g)]: Consider 2 = (§,1 — g,0). Since U} (2) = fu(g) and fy(2) is
increasing for g € [I(g), h(g)], it follows that U5 ((h(g),1 — h(g),0)) > U (2) for
any g € (I(g),h(g) and therefore the proposer has no incentive to deviate and
make a proposal with g € [I(g), h(g)]-

— g < l(g): For 2 = (§,2m,2r), Claim 5 implies that a(g, (¢, 25, %1)) = 1 only if
27 > 0. Consider 2 such that (62) holds. As shown before, U[(g) is increasing
for g < (g), and therefore the proposer has no incentive to deviate and make any
proposal with g > I(g).

e g€ [0 +0r,g%]: In this case, v (g) = g and x¥(g) = 0. Recall that I(g) = min{g’ €
[0,1] : K1(¢") = K1(9)}. In this case, I(g) € [g,,, Gn]-

— g > g For 2 = (§,%y,%1), Claim 5 implies that al(g, (§,2x,%1)) = 1 only if
27 > 0. Consider 2 such that (62) holds. As shown before, U} (g) is decreasing
for g > 0y + 601, and therefore the proposer has no incentive to deviate and make
any proposal with g > g¢.

—gg < g < g: Consider 2 = (3,1 — g,0). Since U5(2) = fu(9) and fg(g) is
increasing if gy < g < g, it follows that the proposer has no incentive to deviate
and make a proposal with ¢ € [gy, g).

— l(9) < g < gg. Consider zZ = (§,1 — ¢,0). Note that for g € [I(g), gnl, fu(d) <
fu(v(g)). Also, since v#(§) < g and therefore fy(v#(g) < fu(g), it follows
that fu(g) < fu(g). Hence the proposer has no incentive to deviate and make a
proposal with g € [I(g), gu].

— g <l(g): For 2 = (9,2p5,2r), Claim 5 implies that a(g, (¢, 25, %1)) = 1 only if
27 > 0. Consider # such that (62) holds. As shown before, U} (g) is increasing
for g <(g), and therefore the proposer has no incentive to deviate and make any
proposal with g < I(g).

To summarize, party H has no incentive to deviate from 7 (g) for any g € [0,1]. B

10.6 Proof of Proposition 6

Fix g € G*. First we show that g € GG, that is, the responder’s acceptance constraint binds
when the status quo is in G®. This follows immediately from the following claim:

Claim 8. For any g € G° and i,j € {H, L} with i # j, x’(g) = 0.
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Proof: Fix g € G*. By definition of G*, 7°(g) = g. Suppose to the contrary that x’(g) > 0
for j # i. Let @ = (5%, X%, X%) be an alternative proposal strategy for player i such that
w'(g) = 7'(g) for ¢ # g, 7'(9) = 7'(9), X;(9) = 0 and X;(9) = xi(9) + Xj(9) > Xi(9)- Note
that 7' satisfies the responder’s acceptance constraint (7) when 4 is the proposer. Then 7
yields the same payoff to player ¢ for any ¢’ # g, and strictly higher payoff when the status
quo is g, contradicting that 7 is an equilibrium proposal strategy. i

Since g € GG, we can simplify the proposer i’s maximization problem by using Lemma 1
to substitute for W; and W;. Define the function h; : B — R as

(9) + 252 Vilg).

hi(gvfﬂHJ?L) =T

Claim 9. For any g € G® and i € {H, L},

ng) _ max 35 + 1— 26p+59 ln( )+ ‘S(Z";i—g?‘sm‘/;(g’)
z=(g' 2’y 27 )EB ?
st hi(z) > Ki(g).g € G (67)
where K;(g) = 1%1, In(g) + %1__5?‘/;(9)-

Proof: By definition of G*, the proposal (g, x%(g), X% (g)) is a solution to the maximiza-
tion problem given in (6) and (7). By Claim 8, G* C G, and so the proposal (g, x%4(9), X% (9))
is also a solution to (6) and (7) when the maximization is over z = (¢, 2, 2}) € B with
g € G. Since the acceptance constraint binds for any g € G, we use Lemma 1 to substitute
for W; and W, resulting in the maximization problem given in Claim 9. &

We are now ready to prove Proposition 6. Suppose hy and hj satisty Kuhn-Tucker
Constraint Qualification. The Lagrangian for party i’s problem, for ¢« € {H, L}, is

Lz‘ _ l’/+ 1726p+5e.1n( /)+ 5(p?65p26p)‘/i(g/>

—|—)\12[1—SC —I —g]‘i‘)\gz[
where j € {H, L}, j #i.
By the Kuhn-Tucker Theorem (see Takayama (1985), Theorem 1.D.3), the first order
necessary conditions for (¢’, 2,27 ) to be a a solution to (67) are A\;; > 0, Ay; > 0, ¢’ > 0,
'y >0, 2% >0, and

() + *E2Vig) — K;(9)]

1—X; <0, 1— A\ylzi =0, (68)
=AM+ A2 <0, [FA 4 Ayl =0, (69)
0:(1-20p+8) | 8(p+o6—20p) oy, 5(1=p) 3V,
(2t | Mot 2) OV _ 3, + Ay [ s+ R < o, (70)
0:(1-20p+8) | 8(p+0—26p) d% 5(1=p) 3V, _
20220 4 SO\t g [y + R g = 0, (71)
l—a;—a—g >0 [l —a;—2)— g A =0, (72)
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0; _
7+ 12 n(g) + TRV - Ki(g) > 0, (73)
7+ 125 n(g) + 252Vi(g) - Ki(g)] i = 0. (74)

By Claim 8, 2, = 0. By (68) A\;; > 0, and so the feasibility constraint (72) holds with
equality. By the envelope theorem (see Takayama (1985), Theorem 1.F.1), for i € {H, L},
we have

v _ OK; _ 0; 3(1—p) 8V;
g _)‘i28_57] =iy [9(1—]517) T 8_93} : (75)
Since this holds for ¢ € {H, L}, we have a system of two equations in two unknowns. Solving
gives
AV; . A2i[A2;0:0(1—p)—0;(1—3p)]
R e e v e (76)

for i,j € {H, L} with j # i.
Since Vg and V7, are differentiable in an open set containing g, it must be the case that
€ (0,1). Since g € G*, this in turn implies that ¢ = g € (0,1). From ¢’ > 0, it follows that
(70) must hold with equality for 7,5 € {H, L} and j # i. From ¢’ < 1, it follows that a} > 0,
and hence A\y; = 1 for i € {H, L}. Substituting A;; and (76) into (70), and solving the two
equations (given by (70) for ¢ € {H, L}) for ¢’ and Aoy in terms of Aoz, we obtain

_ (ar0u+01)(1+6—26p)
9 = sty (77)
and
 (0g—0.)(1—6p)—Aor0p (1—5)
Ao = AQZJ(HLH%L)[()lfp?i@IL{(lftS)' (78)

. . . . . -5
Consider the low-polarization case in which z—f < 5%_%. Note that §(0g — 0.)(1 —p) —

0r,(1 —6) < 0. Since A\yy, < 1 by (69), it follows that the denominator of (78) is nonpositive.
Together with the necessary condition that Aoy > 0, this implies

(01—01) (1—6p)
L =

Thus, if g—i’ < 611732)’ we have \gp € [W, 1]. Since the right-hand side of (77) is
increasing in Aoy, the bounds on Aoy we just found implies that g = ¢’ € [0}, 0 + 01).

1-§ (0 —01)(1—dp)
5(1_2). Note that W Z 1.

Since Aoy > 0, the numerator and the denominator of (78) have the same sign. If they are

Next consider the high-polarization case in which Z—f >

both nonpositive, then

(0 —01)(1—6p)
BT

Since Aoy, < 1 by (69), this is only possible when Aoy, = 1. If instead both the numerator and
the denominator of (78) are nonnegative, then Aoy < 1 implies that

Since 0y > 0, 6 < 1 and Ay, < 1, this is only possible if Ay, = 1. Thus, in the high-
polarization case, Aoy, = 1. Substituting in (77), we obtain ¢ =g =0y +6,. W
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10.7 Proof of Proposition 7

The derivative of 8} with respect to p is

0y 0ms(1-5)
op —  (1-dp)? = 0.

The derivative of 03, with respect to d is

%y _ 0nd(1—p) 0
96 (i—op)2 =

10.8 Proof of Proposition 8

If public good spending is discretionary, then party i’s expected steady state payoff is

sy (L = 0:) + 0; 1n(6;)] + 5755[0i In(6;)] (79)
If public good spending is mandatory, then party ¢’s expected steady state payoff is
s [(1 = 9°) + 6:n(g°)] + 575516 In(9”)] (80)

where ¢° € [g5,0n + 01].

To show that party 7 is better off when public spending is mandatory, we only need to
show that (80) is higher than (79). After rearranging terms, it becomes

20;1n(g°) — ¢° > 0;1n(0,6;) — 6, (81)

Consider first i = H. Let k(z) = 20 In(z) — 2. Since k'(z) = 222 — 1 > 0 if z < 20y,
and ¢° € max{#};,0y + 0.} < 20y by Proposition 5, it follows that k(¢g°) > k(6y). That is,
205 In(g%) — g* > 20 In(0y) — 0. Since In(0x)* > In(0.05), it follows that 20 In(g*) — g* >
‘9H ID(QLQH) — QH

Next consider ¢+ = L in the low-polarization case. Since the left-hand side of inequality
(81) is concave in ¢°, it follows that (81) holds for any ¢° € [0}, 0 +0] if it holds for ¢° = 0},
and for ¢° = 0y + 0.

If g = 03 = 22532220, then

20L ln(gs) — gs — 0L ID(QHHL) + QL = QQL ln(é’j‘q) - QE - QL ln(QHQL) + QL,

which is increasing in 0. Let 0 = %QH. Then

29L IH(QE) — 92{ — 0L ln(QHHL) + 9L =In (5((11t(;;(21‘sj’§;)> 5§1__5§) QH — HH,

(1+6—26p)? 1—-0p
6(1-p)(1—dp) | = s(1-p)"
Similarly, if ¢° = 0y + 01, then

20, In(g*) — ¢° — 0, In(040;) + 0, = 20, In(0 + 01) — O, — O — 0, In(0560,) + 6,
= 26L IH(GH + GL) — HH — (9L ln(GHQL),

and it is positive if In (
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5(1

which is increasing in 67. Let 6, = 1_;2 ) Or. Then

207, ID(QH + GL) — 0y — 05, ID(QHQL) =In (5((11J:‘;;(21‘5f’g;)> 5§£}§) O — QH,

((llti)_(?_pg;)) > 5%1__‘3 ;- To summarize, inequality (81) holds for ¢ = L if

(1+5—26p)? 1-6
n(spiem) > sap- ™

and it is positive if In(;

10.9 [Illustration of parties’ proposal strategies for transfers
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Figure 8: x’(g) in low-polarization case
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Figure 9: x’(g) in high-polarization case
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